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Abstract. We give dimension-free and data-dependent bounds for lin-
ear multi-task learning where a common linear operator is chosen to
preprocess data for a vector of task specific linear-thresholding classi-
fiers. The complexity penalty of multi-task learning is bounded by a
simple expression involving the margins of the task-specific classifiers,
the Hilbert-Schmidt norm of the selected preprocessor and the Hilbert-
Schmidt norm of the covariance operator for the total mixture of all task
distributions, or, alternatively, the Frobenius norm of the total Gramian
matrix for the data-dependent version. The results can be compared to
state-of-the-art results on linear single-task learning.

1 Introduction

Simultaneous learning of different tasks under some common constraint, often
called multi-task learning, has been tested in practice with good results under a
variety of different circumstances (see [5], [8], [17], [18]). The technique has been
analyzed theoretically and in some generality (see Baxter [6] and Zhang[18]).
The purpose of this paper is to improve some of these theoretical results in
a special case of practical importance, when input data are represented in a
linear, potentially infinite dimensional space, and the common constraint is a
linear preprocessor.

Finite systems provide simple examples illustrating the potential advantages
of multi-task learning. Consider agnostic learning with an input space X and
a finite set F of hypotheses f : X — {0,1}. For a hypothesis f € F let er(f)
be the expected error and ef(f) the empirical error on a training sample S of
size n (drawn iid from the underlying task distribution) respectively. Combining
Hoeffding’s inequality with a union bound one shows (see e.g. [1]), that with
probability greater than 1 — § we have for every f € F the error bound

1
er <er + ——+/In|F| +1n(1/9). 1
(f) <et(f) \/%\/H (1/6) (1)
Suppose now that there are a set ), a rather large set G of preprocessors g :
X — Y, and another set H of classifiers h : Y — {0,1} with |H| < |F|. For a
cleverly chosen preprocessor g € G it will likely be the case that we find some
h € 'H such that h o g has the same or even a smaller empirical error than the



best f € F. But this will lead to an improvement of the bound above (replacing
|F| by |H]|) only if we choose g before seeing the data, otherwise we incur a large
estimation penalty for the selection of g (replacing |F| by |H o G|).

The situation is improved if we have a set of m different learning tasks with
corresponding task distributions and samples S, ..., Sy, each of size n and drawn
iid from the corresponding distributions. We now consider solutions hy o g, ...
hm o g for each of the m tasks where the preprocessing map g € G is constrained
to be the same for all tasks and only the h; € H specialize to each task [ at hand.
Again Hoeffding’s inequality and a union bound imply that with probability
greater 1 — 0 we have for all (hq, ..., h,;,) € H™ and every g € G

LY Ly L ! In(1/9
m;erl(hlog)gmZefl(thQ)+m\/ln|'H|+n|g|+mn(/). (2)
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Here er! (f) and ei! (f) denote the expected error in task [ and the empirical
error on training sample S; respectively. The left hand side above is an average
of the expected errors, so that the guarantee implied by the bound is a little
weaker than the usual PAC guarantees (but see Ben-David [7] for bounds on
the individual errors). The first term on the right is the average empirical error,
which a multi-task learning algorithm seeks to minimize. We can take it as an
operational definition of task-relatedness relative to (H,G) that we are able to
obtain a very small value for this term. The remaining term, which bounds the
estimation error, now exhibits the advantage of multi-task learning: Sharing the
preprocessor implies sharing its cost of estimation, and the entropy contribution
arising from the selection of g € G decreases with the number of learning tasks.
Since by assumption |H| < |F|, the estimation error in the multi-task bound
(2) can become much smaller than in the single task case (1) if the number m
of tasks becomes large.

The choice of the preprocessor g € G can also be viewed as the selection of
the hypothesis space H o g. This leads to an alternative formulation of multi-
task learning, where the common object is a hypothesis space chosen from a
class of hypothesis spaces (in this case {Hog: g € G}), and the classifiers for
the individual tasks are all chosen from the selected hypothesis space. Here
we prefer the functional formulation of selecting a preprocessor instead of a
hypothesis space, because it is more intuitive and sufficient in the situations
which we consider.

The arguments leading to (2) can be refined and extended to certain infinite
classes to give general bounds for multi-task learning ([6] and [18]). In this paper
we concentrate on the case where the input space X is a subset of the unit ball in
a Hilbert space H, the class G of preprocessors is a set A of bounded symmetric
linear operators on H, and the class H is the set of classifiers h, obtained by
O-thresholding linear functionals v in H with ||v|| < B, that is

hy (z) = sign ({z,v)) and h, o T (z) = sign ((Tz,v)),z € H,T € G, ||v|| < B.



The learner now searches for a multi-classifier hy o T = (hy1 0T, ..., hym o T)
where the preprocessing operator T € A is the same for all tasks and only the
vectors v! specialize to each task ! at hand. The desired multi-classifier hy o T
should have a small value of the average error

er(hy o T) = % > er! (hy oT) = % > Pr{sign ((TX",0')) #V'},
=1 =1

where X! and Y are the random variables modelling input-values and labels for
the I-th task. To guide this search we look for bounds on er(hy o T') in terms of
the total observed data for all tasks, valid uniformly for all v = (Ul, - vm) with
Hvl || < B and all T € A. We will prove the following :

Theorem 1. Let 6 € (0,1). With probability greater than 1 — ¢ it holds for all
v = (vl, ...,vm) € H with H’UlH < 1 and all bounded symmetric operators T on
H with ||T|| ;5 > 1, and for all v € (0,1) that

er th ery (v o + || || S c H -+ -+ V =
[ < er / - NHS — R —

Here et (v o T) is a margin-based empirical error estimate, bounded by the
relative number of examples (X f, Yll) in the total training sample for all tasks [,

where Y (T X!, v") <~ (see section 5).
The quantity ||T'|| ;g is the Hilbert-Schmidt norm of T, defined for symmetric

T by
1/2
ITls = (3o2)

where ); is the sequence of eigenvalues of T' (counting multiplicities, see section
3).

C is the total covariance operator corresponding to the mixture of all the
task-input-distributions in H. Since data are constrained to the unit ball in H
we always have ||C|| ;4 <1 (see section 4).

The above theorem is the simplest, but not the tightest or most general form
of our results. For example the factor 8 on the right hand side can be decreased
to be arbitrarily close to 2, thereby incurring only a logarithmic penalty in the
last term.

A special case results from restricting the set of candidate preprocessors to
P4, the set of orthogonal projections in H with d-dimensional range. In this case
learning amounts to the selection of a d-dimensional subspace M of H and of
an m-tuple of vectors v' in M (components of v' orthogonal to M are irrelevant
to the projected data). All operators T' € Py satisfy ||T ;5 = Vd, which can
then be substituted in the above bound. Identifying such a projection with the
structural parameter © this corresponds to the case considered by Ando and
Zhang ([18]), where a practical algorithm for this type of multi-task learning is



presented. The identity ||©)] ;¢ = V/d then expresses the regularization condition
mentioned in [18].

The bound in the above theorem is dimension free, it does not require the
data distribution in H to be confined to a finite dimensional subspace. Almost to
the contrary: Suppose that the input data are distributed uniformly on M N Sy
where M is a k-dimensional subspace in H and S; is the sphere consisting of
vectors with unit norm in H. Then C has the k-fold eigenvalue 1/k, the remaining
eigenvalues being zero. Therefore ||C|| ;4 = 1/Vk, so part of the bound above
decreases to zero as the dimensionality of the data-distribution increases, in
contrast to the bound in [18], which increases linearly in k. The fact that our
bounds are dimension free allows their general use for multi-task learning in
kernel-induced Hilbert spaces (see [9]).

If we compare the second term on the right hand side to the estimation error
bound in (2), we can recognize a certain similarity: Loosely speaking we can
identify HT||2HS /m with the cost of estimating the operator T', and ||T||iIS IC g
with the cost of finding the linear classifiers v, ..., v,,. The order of dependence
on the number of tasks m is the same in Theorem 1 as in (2).

In the limit m — oo it is preferable to use a different bound (see Theorems
6 and 7), at the expense of slower convergence in m. The main inequality of the
theorem then becomes

1/2
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for some very small € > 0 to be fixed in advance. If T" is an orthogonal projection

with d-dimensional range then HT2||Z; = d'/4, so for a large number of tasks
m the bound on the estimation error becomes approximately

244 ||C || 12
wnooo

One of the best dimension-free bounds for linear single-task learning (see e.g.
Bartlett and Mendelson [2] or Lemma 4 below) would give 2/ (yy/n) for this
term, if all data are constrained to unit vectors. We therefore expect superior
estimation for multi-task learning of d-dimensional projections with large m,
whenever d'/*||C ||11q/§ < 1. If we again assume the data-distribution to be uni-
form on M N Sy with M a k-dimensional subspace, this is the case whenever
d < k, that is, qualitatively speaking, whenever the dimension of the utilizable
part of the data is considerably smaller than the dimension of the total data
distribution.

The results stated above give some insights, but they have the practical
disadvantage of being unobservable, because they depend on the properties of
the covariance operator C, which in turn depends on an unknown data distri-
bution. One way to solve this problem is using the fact that the finite-sample



approximations to the covariance operator have good concentration properties
(see Theorem 3 below). The corresponding result is:

Theorem 2. With probability greater than 1 —46 in the sample X it holds for all
V1, ey Uy, € H with ||vg]] < 1 and all bounded symmetric operators T on H with
|T|| s > 1, and for all v € (0,1) that

8T s
) 81T s ! 9ln 775

hy o T) < )+ HC )|+
er(byoT) < efy (voT) + v/n mn Fr + m + 2nm

s the Frobenius norm of the gramian.
Fr

where the ”é(X)‘

By definition
1/2

¢ (x)|

Fr - Z <Xl XT
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Here Xf is the random variable describing the i-th data point in the sample

corresponding to the [-th task. The corresponding label Yil enters only in the

empirical margin error. The quantity (mn) ™' Hé’ (X)HF can be regarded as an
™

approximation to [|C|| g4, valid with high probability, so that Theorem 2 is a
sample based version of Theorem 1.

The next section contains a short index to the notation and definitions in-
troduced in the paper. In section 3 we introduce the necessary terminology and
results on Hilbert-Schmidt operators and in section 4 the covariance operator of
random elements in a Hilbert space. Section 5 gives a formal definition of multi-
task systems and a general PAC bound in terms of Rademacher complexities.
For the readers benefit a proof of this bound is given in an appendix, where
we follow the path prepared by Kolchinskii and Panchenko ([11]) and Bartlett
and Mendelsson ([2]). In section 6 we study the Rademacher complexities of lin-
ear multi-task systems. In section 7 we give bounds for non-interacting systems,
which are essentially equivalent to single-task learning, and derive bounds for
proper, interacting multi-task learning, including the above mentioned results.
We conclude with the construction of an example to demonstrate the advantages
of multi-task learning.

2 Table of notation and definitions

The following table is intended as an index and a quick reference to the notation
and definitions introduced in the paper.



Notation Short Description Section
H real, separable Hilbert space 3
(.,.) and ||.] inner product and norm on H 3
S1 unit-sphere in H 4
HS Hilbert-Schmidt operators on H 3
() gg and ||.|| g inner product and norm on HS 3
HS* symmetric operators in HS 3
A a subset of HS* 6
Al s supre 4 || 1] ;75 6
42 s suprea || 7% 6
Qu, forx e H Operator Q,z = (z,z)x, Vz € H 3
Gy, for z,y € H Operator Gy yz = (z,2)y, Vz € H 3
tr (T) Trace of the operator T 3
EQx] Covariance operator of H-valued r.v. X 4
X Generic input space b)
(X b Yl) Random variables for multi-task problem 5
(xXLvh Random variables for multi-task sample 5
er (h) Average error of multiclassifier h 5
hy Multiclassifier obtained by thresholding f 5
o, Margin function 5
et (f) Empirical margin error of vector function f 5
R (F) Empirical Rademacher complexity 5
C! Covariance operator for [-th task 6
C Total covariance operator 6
C(X) Gramian of data-sample X 4
Fp, Fgo A Fctn. classes for linear multi-task learning 6

3 Hilbert-Schmidt operators

For a fixed real, separable Hilbert space H, with inner product (.,.) and norm
II.]l, we define a second real, separable Hilbert space consisting of Hilbert-Schmidt
operators. With HS we denote the real vector space of operators T on H
satisfying > >°, |Te;]|* < oo for every orthonormal basis (€;);e, of H. Every
T € HS is bounded. For S,T € HS and an orthonormal basis (e;) the series
> (Sei, Te;) is absolutely summable and independent of the chosen basis. The
number (S,T) ;¢ = > (Se;, Te;) defines an inner product on H.S, making it into
a Hilbert space. We denote the corresponding norm with ||.|| ;¢ in contrast to
the usual operator norm ||| (see Reed and Simon [16] for background on func-
tional analysis). We use HS* to denote the set of symmetric Hilbert-Schmidt
operators. For every member of HS* there is a complete orthonormal basis of
eigenvectors, and for ' € HS* the norm ||T||, ¢ is just the f>-norm of its se-
quence of eigenvalues. With HS' we denote the members of HS* with only
nonnegative eigenvalues.

We use two simple maps from H or H? to HS to relate the geometries of
objects in H to the geometry in HS.



Definition 1. Let z,y € H. We define two operators Q, and G, on H by

Qrz=(z,x)x,Vz € H
Gayz = (x,2)y, Vz € H.

We will frequently use parts of the following lemma, the proof of which is
very easy.

Lemma 1. Let z,y,2",y' € H and T € HS. Then
(1) Q: € HS™ and || Qal g5 = l1al*.
(”) <QxaQy>Hs (w y> .
(i) (T, Qu) s = (T, ).
(iv) (T"T,Qu) s = | T0|*.
(v) QyQz = (z,y) Gay-
(vi) Goy € HS and ||Gayll g = 1]l [y]l-

(Vii) (G Gor ) g = (@, 2") (y,9/)
(viii) (T, Gay) s = (T2,Y).
(iz) For a € R, Quu = &*Q,.

Proof. For x = 0 (iii) is obvious. For z # 0 choose an orthonormal basis (e;)]", so
that e; = x/ ||z||. Then e; is the only nonzero eigenvector of @, with eigenvalue
|z|* > 0. Also

<Ta Ql)HS = Z <T€ia QL61> = <T$, Ql$> / ||‘,1:||2 = <T$7I> )

which gives (iii). (ii), (i) and (iv) follow from substitution of Q,, @, and T*T
respectively for T'. (v) follows directly from the definition when applied to any

z € H. Let (ex)po, be any orthonormal basis. Then z = Y, (z,e) e, so by
boundedness of T’

Tx y <TZ T, ek ek, > Z <T6;€, (x,ek>y> = Z <T€k7Gw,yek>

k k
=(T,Gry)ps
which is (viii). Similarly
(Gey, Gt ') g = Z((w,ek>y7 (o ex)y Z z,er) (@', ex)
k k
= (,2) (y.9/),

which gives (vii) and (vi). (ix) is obvious.[]

The following application of Lemma 1 is the key to our main results.



Lemma 2. Let T € HS and w1, ..., Wy, and vy, ..., Uy, vectors in H with ||v;]] <
B. Then

1/2
> (Twi, o) < B|T|lys | D [wiw,)|
=1 L,r
and
1/4
S (@wy vy < Bm 2 T TIHE S (wi,w,)?
=1 lLr

Proof. Without loss of generality assume B = 1. Using Lemma 1 (viii), Schwarz’
inequality in HS and 1 (vii) we have

Z Twlavl <T ZGwz vz> < ||T||HS ZGWL,UZ
=1 HS =1 HS
1/2

m

=T g5 Z (wi, wr) (vi, vr)

Lr

s

1/2

<ATlgs | D 1w, wy)]

lr

This proves the first inequality. Also, using Schwarz’ inequality in H and R™,
Lemma 1 (iv) and Schwarz’ inequality in HS

m /2 / 1/2 m 1/2
S (Twyv) < (Z ol ) (Z ||Twl||2) < Vm <T*T72Qw,>
=1 =1

=1 HS
1/2 1/4

=V |72 [ Y wr,w,)?

HS Lr

%« 1/2
< Vm | T*T||}e

m
> Qu
=1

The set of d-dimensional, orthogonal projections in H is denoted with Py.
We have Py C HS* and if P € Py then |P||;4 = Vd and P? = P.

An operator T is called trace-class if Y .o, (T'e;, e;) is an absolutely conver-
gent series for every orthonormal basis (e;);, of H. In this case the number
tr(T) = Y ;2 (Te;,e;) is called the trace of T and it is independent of the
chosen basis.

If A C HS* is a set of symmetric and bounded operators in H we use the
notation

Il zzs = sup {|Tll g : T € A} and A* ={T%:T € A}.



4 Vector- and operator-valued random variables

Let (£2,%, 1) be a probability space with expectation E [F] = [, Fdu for a
random variable F : 2 — R. Let X be a random variable with values in H ,
such that E[||X||]] < co. The linear functional v € H — E [(X,v)] is bounded
by E[||X]]] and thus defines (by the Riesz Lemma) a unique vector F [X] € H
such that E [(X,v)] = (E[X],v),Yv € H, with [|[E[X]| < E||X]]].

We now look at the random variable @)y, with values in HS. Suppose that
E {HX||2} < oo. Passing to the space HS of Hilbert-Schmidt operators the
above construction can be carried out again: By Lemma 1 (i) E[||Qx| 4s] =
E {HXHZ} < 00, so there is a unique operator E [Qx] € HS such that E [(Qx,T) ;4] =
(EQx],T)ys VT € HS.

Definition 2. The operator E [Qx] is called the covariance operator of X.

Lemma 3. The covariance operator E[Qx] € HS™ has the following proper-
ties.

(i) I1E[@x]lugs < ElllQx | gsl-
(i) (E[Qx]y,z) = E[{y, X) (2, X)],Vy,z € H.

(iii) tr (B [Qx]) = B [IIX|1*].
(iv) For H-valued independent Xy and Xo with E {HX,HQ] < 0o we have

(BlQx.), ElQx)) s = B (X1, X%2)°]
(v) Under the same hypotheses, if E[Xs2] =0 then

E [QX1+X2] =F [QX1] +E [QX2]

Proof. (i) follows directly from the construction, (iv) from the identity

(EQx,],FQx.)ys = E(@x,,Qx,) gs)- Let y, z € H. Then using 1 (viii) we
get

(E[Qx]y,2) = (E[Qx],Gy2) s = E [(Qx, Gy ys] = EQxy, 2)]

= E[{y, X) (z, X)]

and hence (ii). We have with orthonormal basis (e;),—, and using (ii)

tr(B[Qx]) = > (E[Qx] enex) = 3 E lfex, X) (e, X)] = B [IIX|*]
k

k

which gives (iii). Substitution of an eigenvector v for both y and z in (ii) shows
that the corresponding eigenvalue must be nonnegative, so E [Qx] € HS*.
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Finally (v) holds because for any y, 2 € H we have, using independence and
the mean-zero condition for X5, that

(EQ@x,+x,]Y,2)

= E[{y, X1+ X2) (X1 + X2, 2)]

E(y, X1) (X1, 2)] + E[{y, X2) (X2,2)] + E [{y, X1) (X2, 2)] + E [{y, X2) (X1, 2)]
(ERQx,]|+EQx,]))y,2) + (y, E[X1]) (E[X2], 2) + (y, E [X2]) (E[X1], 2)
(B@x,]+E[Qx,])y,2)

O

Property (ii) above is sometimes taken as the defining property of the covari-
ance operator (see [4]).
If X is distributed uniformly on M NSy, where M is a k-dimensional subspace

and S; the unit sphere in H, then £ [(X, y}Q] = (F[Qx]y,y) is zero if and only

if y € M+, so the range of E[Qx] is M, so there are exactly k-eigenvectors
corresponding to non-zero eigenvalues of F [Qx]. By symmetry these eigenval-
ues must all be equal, and by (iii) above they sum up to 1, so E[Qx] has the
k-fold eigenvalue 1/k, with zero as the only other eigenvalue. It follows that
|E[Qx]l g = 1/Vk. We have given this derivation to illustrate the tendency
of the Hilbert-Schmidt norm of the covariance operator of a distribution con-
centrated on unit vectors to decrease with the effective dimensionality of the
distribution. This idea is relevant to the interpretation of our results.

The fact that HS is a separable Hilbertspace just as H allows to define
an operator E [T] whenever T is a random variable with values in HS and
E[|T] yg] < oo. Also any result valid in H has a corresponding analogue valid
in HS. We quote a corresponding operator-version of a Theorem of Cristianini
and Shawe-Taylor [15] on the concentration of independent vector-valued random
variables.

Theorem 3. Suppose that T1,...,T,, are independent random variables in H
with ||T;]] < 1. Then for all & > 0 with probability greater than & we have

2 ln(1/5)>
<—(1+4 )
2 (S

Apply this with T; = Qx, where the X; are iid H-valued with || X;|| < 1. The
theorem then shows that the covariance operator F [@ x] can be approximated in
HS-norm with high probability by the empirical estimates (1/m) ) . Qx,. The

quantity
sox
i

is the Frobenius norm of the Gramian (or kernel-) matrix C'(X);; = (X;, X;), de-
noted Hé(X) ’F . An immediate corollary to the above is, that (1/m) HO(X)HF

m

%ZE[TJ*%ZTZ

i=1 =1

1/2

= Z<Xi7X7>2

HS 0,J
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is with high probability a good approximation of ||E [@x]||;¢- In the proof of
Theorem 2 we will not need this fact however.

5 Multi-tasks and general bounds

For our discussion of multi-task learning we concentrate on binary labeled data.
Let (£2, X, 1) be a probability space. We assume that there is a multi-task mod-
eled by m independent random variables Z! = (XI,YZ) 22— Xx{-11},
where

1 €{1,...,m} identifies one of the m learning tasks,

— X! models the input data of the I-th task, distributed in a set X, called the
mput space.

— Y' € {—1,1} models the output-, or label-data of the I-th task.

For each | € {1,...,m} there is an n-tuple of independent random variables

(Z,f)?zl = (X}, Yll)n where each Z! is identically distributed to Z'.

=1’

. - 1 (n,m)
The random variable Z = (Zi)(i’l):(m)
ing data. We also write X = (le)E:LzQu -
learning tasks running from 1 to m, the subscript ; to identify data points in
l (n,m)

i)(ial):(lvl)

. n\m (n,m) (n,m)
generic members of (X™)" and z = (Zé)(i,l):(l,l) = (x,y) = (x,li,yé)(i7l):(171) for

generic members of ((X'x {—1,1})")™.

A multiclassifier is a map h : X — {—1,1}"". We write h = (h',...,h™) and
interpret h! (z) as the label assigned to the vector z when the task is known to
be [. The average error of a multiclassifier h is the quantity

is called the training sample or train-

We use the superscript ! to identify

the sample, running from 1 to n. We will use the notations x = (x for

m

er(n) = = S Pr{n (x) £ V'),
=1

which is just the misclassification probability averaged over all tasks. Typically
a classifier is chosen from some candidate set minimizing some error estimate
based on the training data Z. Here we consider zero-threshold classifiers hg which
arise as follows:

Suppose that F is a class of vector valued functions f : X — R™ with
f = (fl, ,fm) A function f € F defines a multi-classifier hy = (h%,,h}”)
through hf (z) =sign(f’ (z)). To give uniform error bounds for such classifiers
in terms of empirical estimates, we define for v > 0 the margin functions

1 if t<0
¢, ()= 1—-t/yif0<t <7y,
0 if <t
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and for f € F the random variable

iy (F) = — > o, (Vif (X))

called the empirical v-margin error of f. The following Theorem gives a bound
on er(hy) in terms of et (f), valid with high probability uniformly in f € F and

.

Theorem 4. Lete,6 € (0,1)
(i) With probability greater than 1— ¢ it holds for all £ € F and all v € (0,1)

that
L n (1/ (579)
—FE | R} X R S
v(1—c¢) [R” (F)( )} + 2nm
(i) With probability greater than 1—9 it holds for allf € F and all v € (0,1)
that

er(hy) < ey (f) +

b
v(1—¢)

Here 7@:{‘ (F) is the empirical Rademacher complexity in the sense of the
following

er(he) < ey (f) + Yo

Definition 3. Let {aé le{l,..,m},ie{l, ,n}} be a collection of indepen-
dent random variables, distributed uniformly in {—1,1}. The empirical Rademacher
complexity of a class F of functions £ : X — R™ is the function 7@? (F) defined

n (X™)™ by

R (F) (x) = By |sup— 3 ol (a) |

mn
fer T o=

For the readers convenience we give a proof of Theorem 4 in the appendix.

The bounds in the Theorem each involve three terms. The last one expresses
the dependence of the estimation error on the confidence parameter § and a
model-selection penalty In (1/ (e)) for the choice of the margin 7. Note that it
generally decreases as 1/y/nm. This is not an a priori advantage of multi-task
learning, but a trivial consequence of the fact that we estimate an average of
m probabilities (in contrast to Ben David [7] where bounds are valid for each
individual task - of course under more restrictive assumptions). The 1/y/nm
decay however implies that even for moderate values of m and n the parameter
€ in Theorem 4 can be chosen very small, so that the factor 1/(1 —€) in the
second term on the right of the two bounds is very close to unity.

The second term involves the complexity of the function class F, either as
measured in terms of the distribution of the random variable X or in terms of
the observed sample. Since the distribution of X is unobservable in practice, the
bound (i) is primarily of theoretical importance, while (ii) can be used to drive
an algorithm which selects the multi-classifier he«, where (f*,v) € F x (0,1) are
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chosen to minimize the right side of the bound with given §, €. It is questionable
if minimizing upper bounds is a good strategy, but it can serve as a motivating
guideline.

Of key importance in the analysis of these algorithms is the empirical Rademacher
complexity 7@? (F) (X), as observed on the sample X, and its expectation, mea-
suring respectively the sample- and distribution-dependent complexities of the
function class F. Bounds on these quantities can be substituted in Theorem 4
to give corresponding error bounds.

6 The Rademacher complexity of linear multi-task
learning

We will now concentrate on multi-task learning in the linear case, when the
data live in a real, separable Hilbert space H, by means of some kernel-induced
embedding (see [9]), the details of which will not concern us at this point. We
therefore take H as input space X, so that the random variables X' take values
in H foralll € {1,...,m}, and we generally require HXZH < 1. The case HXIH =1
where the data are constrained to the unit sphere in H is of particular interest,
corresponding to a class of radial basis function kernels.

We write C! for the covariance operator F[Qx:] and C for the total co-
variance operator C = (1/m) ", C!, corresponding to a uniform mixture of

s <r(€) = £ [|x17] <1
Let B > 0, let T be a fixed symmetric, bounded linear operator on H with

| 7| <1, and let A be a set of symmetric, bounded linear operators 7" on H,
all satisfying || 7’|, < 1. We will consider the vector-valued function classes

distributions. By Lemma 3 we have HC’l

Fp={x € Hw (vi,..c,vm) () := ((x,v1) y e, (T, 0m)) = |Jvi|| < B}
FpoT ={x€ Hr (v1,....;05) 0T () := ((Tx,v1), ... (Tx,vm)) : ||Jvi|| < B}
FpoA={z € Hw— (v1,...,0p) 0T (z): ||v;|| < B, T € A}.

The algorithms which choose from Fp and Fp o T are essentially trivial
extensions of linear single-task learning, where the tasks do not interact in the
selection of the individual classifiers v;, which are chosen independently. In the
case of Fp oT the preprocessing operator 1" is chosen before seeing the training
data. Since ||T'||,, < 1 we have Fp oT C Fp, so that we can expect a reduced
complexity for Fp oT and the key question becomes if the choice of T' (possibly
based on experience with other data) was lucky enough to allow for a sufficiently
low empirical error.

The non-interacting classes Fp and Fp o T are important for comparison
to Fp o A which represents proper multi-task learning. Here the preprocessing
operator T is selected from 4 in response to the data. The constraint that T
be the same for all tasks forces an interaction of tasks in the choice of T and
(V1 ..y U ), deliberately aiming for a low empirical error. At the same time we
also have Fg o A C Fp, so that again a reduced complexity is to be expected,
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giving a smaller contribution to the estimation error. The promise of multi-
task learning is based on the combination of these two ideas: Aiming for a low
empirical error, using a function class of reduced complexity.

We first look at the complexity of the function class Fp. The proof of the
following lemma is essentially the same as the proof of Lemma 22 in [2].

Lemma 4. We have
2B = [ — 12
A 2
Ry (FB) (x) < % (; ||$iH >

E[Rfj (]:B)(X)} < ?;Z(E [||Xl}|2])l /2 2B 1 Zt ()"

Proof. Using Schwarz’ and Jensen’s inequality and the independence of the o'
we get

Ry (Fp) (x) = Es

sup E— E E O',L 27
V1,eey U, U1 || <B nm

1

< BE,

m

1/2

m

-2y 1(;Hxlu)

Jensen’s inequality then gives the second conclusion [

| /\

The first bound in the lemma is just the average of the bounds given by
Bartlett and Mendelson in [2] on the empirical complexities for the various task-
components of the sample. For inputs constrained to the unit sphere in H, when
HXZH = 1, both bounds become 2B/+/n, which sets the mark for comparison
with the interacting case Fpo.A. For motivation we next look at the case FgoT,
working with a fixed linear preprocessor 1" of operator norm bounded by 1. Using
the above bound we obtain

n 1/2
R (FgoT)(x) =R™(Fp) (Tx) < Z(ZHTW) . (4

which is always bounded by B//n, because ||Tz| < ||z|,Vz. Using Lemma 1
(iv) we can rewrite the right side above as

2B 1 & 1 &
\/ﬁmZ<T2’nZQI5>

=1 =1

1/2

HS
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Taking the expectation and using the concavity of the root function gives, with
two applications of Jensen’s inequality and an application of Schwarz’ inequality
(in HS),
. 2B |, 011/2 1/2
B[Ry (Fp o T)(X)] < = 1725 IO

which can be significantly smaller than B//n, for example if T is a d-dimensional
projection, and the data-distribution is spread well over a much more than d-
dimensional submanifold of the unit ball in H, as explained in the introduction
and section 4. If we substitute the bound above in Theorem 4 we obtain an
inequality which looks like (3) in the limit m — oo.

We now consider the case where T' is chosen from some set A of (symmetric,
bounded) candidate operators on the basis of the same sample X, simultaneous
to the determination of the classification vectors vy, ...,v;. We give two bounds
each for the Rademacher complexity and its expectation. One is somewhat sim-
ilar to other bounds for multi-task learning (e.g. (2)) and another one is tighter
in the limit when the number of tasks m goes to infinity.

Theorem 5. The following inequalities hold

+1 (5)

C’(x)‘

o 2B || All 7 \/1
R (Fp o A) (x) < = 7585 [0

Fr m
5 2B ||.42||}/?2 ) 2 1/4

B[Ry (7o 0 ) 0] < 220208 o+ @

/2 1/4
. 2B |42, 3
m < HS 2 - .
B[Ry (Fpo ) (0] < = (anS + m) ®)
Proof. Fix x and define vectors w; = w; (0) = Yi_, ola! depending on the

Rademacher variables aé. Then by Lemma 2 and Jensen’s inequality

m

2
sup sup — Y (Twy,v) (9)
TEAVY,...,um,||vi||<B nm l:zl ]

R (Fp o A) (x)

E,

1/2
2B
< o MAls Eo | | o)
1/2
2B
< o IMllgs ZZEU [[{wi, wy-)]]
Now we have
n n n 9
B, [lul?] = S0 E ] Gty = S o)
i=1 j=1 i=1
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Also, for [ # r, we get, using Jensen’s inequality and independence of the
Rademacher variables,

(Bo [1(wi, wn)])? < By [(wr,0,)” (11)

n
Z s [olotaban] (@, ah) (o, ah)

Taking the square-root and inserting it together with (10) in (9) we obtain the
following intermediate bound

172\ 1/2
5 2B || A -
RT(j:B )(X) || ||HS ZH lH +Z (Z 2l ot 2)
I=1 i= 1#£r \ij=1
(12)
By Jensen’s inequality we have
1/2 1/2
10l 4
m22(2<xz7a ) (m2zz > T ) ~m C(X)‘FT
l#r \i,j=1 lr=11,5=1

which together with (12) and ||z!|| < 1 implies (5).
To prove (6) first use the second part of Lemma 2 and Jensen’s inequality to
get
1/2

1/4
A2
( OA)( ) QB” ||HS <ZE [wlawr }) ) (13)

Now we have E, [ olalo ] < 0350450 + 04400450 + 6452047 S0

g
E, |:<wl7wl>2} < ”221 (HxiHQ H H +2< 2 j>2)
“2(S 1 > > (ahat) <20+ 3 (alat)?,
i=1 i1 =

where we used ||!|| < 1. Inserting this together with (11) in (13) gives

) 1/2 1/4
ﬁ:?(fBOA)(X)_2BllA\ﬁH (Z Eo{wl,w, ]—!—ZE [wl,wl })

_ 2B [ v
< H H (Z Z xz,x] —|—2mn2) , (14)
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which is (6).

Taking the expectation of (12), using Jensen’s inequality, ||X lH < 1 and
independence of X! and X" for [ # r, and Jensen’s inequality again, we get

B[Ry (Fi o A) (X)]

1/2 1/2
< % nm—|—2 Z Xf,Xj"f>2
nm o P
1/2 1/2
2B || A n n
:% 2|\ E <ZQX,57ZQX;> +nm
I#r =1 j=1 HS
1/2
2Bl ot
RN ; Qxt) BlQxe )3 +
2B 4| n n VRN
2B Allgs [/ L 1 1
=T <ml§_;E[memr§_:lE[er]>Hs+m 7
which gives (7). In a similar way we obtain from (14)
B[R (Fp 0 A) (X)]
1/4
I (L ey 2
= Tavm ™ +§;1<E (@xt] B l@xs]),  +2mn
1/4
_ | s
onym o Qx: + 3mn? ,

which gives (8) O

7 Bounds for multi-task learning

Inserting the bounds of Theorem 5 in Theorem 4 immediately gives

Theorem 6. Let A be a be set of bounded, symmetric operators in H and €,0 €
(0,1)

(i) With probability greater than 1 — § it holds for all £ = (vy, ..
FpoA and ally € (0,1) that

wUm)oT €

A 1 In(1/ (576)
er(hg) < ey (f) + 1= E)A + 2nm

3
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where A is either

2B |.A 1
a=20us oy 4 2 (15)
or
2B |42 1/2 3\ /4
a= s (o 3) (16)

(i) With probability greater than 1 — & it holds for all f = (v1,...,v;) 0T €
FpoA and for all v € (0,1) that

1 91n (2/ (dve))
’7(1—6)A(X)+ 2nm

where the random variable A (X) is either

/
SR
NG

er(hg) < ef, (f) +

)

1
+ =
Fr m

)2 ) ) 1/4
+=] .
Fr m
We finally extend this result from uniformly bounded sets A of operators to
the set HS™* of all symmetric Hilbert-Schmidt operators. This is done following

the techniques described in [1], using the following lemma (a copy of Lemma
15.5 from [1]):

€69)

or

C’(x)‘

mn

Lemma 5. Suppose
{F (011,042,5) :0< 04170[2,(5 < 1}

s a set of events such that:
(i) For all0 < a <1 and0< <1,

Pr{F (a,, )} <.
(i) For all0 < ap <a<az<land0<d; <§<1,
F(a1,a90,01) C F (o, ,0).
Then for 0 < a,d <1,

Pr U F(aa,a,0a(l —a)) | <6.
a€e(0,1]
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Applications of this lemma follow a standard pattern, as explained in detail
in [1]. Let €,0,B be as in the previous theorem. For a € (0, 1] set

A(@) = {T € HS" 1 ||T| 5 < 1/}

and consider the events

F (o, a2,0) ={3f € Fpo A(ag) such that
er (hg) > ot (£) + —20 \/HCIIHS 1 \/m(l/ ((we))}

2nm

By the first conclusion of Theorem 6 the events F (aq, o, d) satisfy hypothesis
(i) of Lemma 5, and it is easy to see that (ii) also holds. If we set a =1 — € and
replace o by 1/ ||T|| g, then the conclusion of Lemma 5 reads as follows:

With probability greater 1 — ¢ it holds for every f = (v1,...,v,,) o T with
(v1,..,vm) € Fp and T € HS* with ||T'|| ;¢ > 1 and all v € (0,1) that

2B ||T 1
2B as_ fios + - +
71 =€) Vn m

Applying the same technique to the other conclusions of Theorem 6 gives the
following result, which we state in abbreviated fashion:

er (he) < ety (f) +

Theorem 7. Theorem 6 holds with the following modifications:

— The class Fp o A is replaced by all f = (vi,...,vp) 0T € Fp oHS* with
1Tl s 21 (or [ 72,75 2 1 ).

— Al s (or HA2HHS) is replaced by ||T| g (or ||T2||HS)'

— (1 —¢) and 1/ (6ve) are replaced by (1 — €)* and 1T s / (67€2)
(or HTz”gé (6v€?) ) respectively.

The requirement ||7'|| ;¢ > 1 (or HT2||HS > 1) is an artifact introduced by
the stratification lemma 5. Setting ¢ = 1/2 gives Theorem 1 and Theorem 2.

8 An Example

We conclude with an example illustrating the behavior of our bounds when learn-
ing from noisy data. We start with a fairly generic situation and subsequently
introduce several idealized assumptions.

Suppose that (X L Yl) 7;1 are random variables modelling a multi-task system
as above. Let M be the smallest closed subspace M C H such that X! € M a.s..
We make the simplifying assumption of finite dimensionality:

—dim (M) =d < o
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The signal space M is of course unknown to the learner, but we assume that
— we know its dimension d.

Multi-task learning can then select from an economically chosen set A C HS*
of preprocessors such that A contains the set of d-dimensional projections Py
and ||A|| ;;5 = V/d. We assume knowledge of d mainly for simplicity, without it we
could use Theorem 7 instead of Theorem 6 below, causing some complications.

We now mix the data variables X! with noise, modeled by a random variable
XN with values in H, such that HXNH <1land FE [XN} = 0. The mixture is
controlled by a parameter s € (0, 1] and replaces the original data-variables X'
with the contaminated random variable X! = sX' 4 (1 — s) XV, We now make
the assumption that

— XV is independent of X! and Y for all [.

Let us call s the signal amplitude and 1 — s the noise amplitude. The case
s = 1 corresponds to the original multi-task system. Decreasing s, and adding
more noise, clearly makes learning more difficult up to the case s = 0 (which we
exclude), where the data variables become independent of the labels and learning
becomes impossible. We will look at the behavior of both of our bounds for non-
interacting (single-task) and interacting (multi-task) learners as we decrease the
signal amplitude s. The bounds which we use are implied by Lemma 4 and
Theorem 4 for the non-interacting case and Theorem 6 for the interacting case,
and state that each of the following two statements holds with probability at
least 1 — 6:

1. Non-interacting bound. Vv € Fy, Vv,

A In dve
) ek ) 3+ D

2. Interacting bound. Vv o T € Fj o A, Vv,
~ 2||A n dve
er(hy o T) <ef, (voT) + —lAlus /IO, 6 + & + /2GL0ND

The first damage done by decreasing s is that the margin v must be also
decreased to sy to obtain a comparable empirical margin error for the mixed
problem as for the original problem. Replacing « by s is very crude and normally
insufficient, because of interfering noise, but the replacement can be justified if
one is willing to accept the orthogonality assumption:

— XN | M as.

The assumption that the noise to be mixed in is orthogonal to the signal is
somewhat artificial. We will later assume that the dimension d of M is small
and that XV is distributed homogeneously on a high-dimensional sphere. This
implies weak orthogonality in the sense that <X LXN >2 is small with high prob-
ability, a statement which could also be used in the following, but at the expense
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of considerable complications. To immediately free us from consideration of the
empirical term, and only for this purpose, do we make the orthogonality as-
sumption. By projecting to M we can then find for any sample (Xé,Yil) and
any preprocessor T' and any multi-classifying vector v some T” and v’ such that
efs (V') and et (v/ o T") for the mixed sample (Xf, Yf) are the same as et (v)
and ef, (voT) for the original sample. We can therefore regard the empirical
terms as equal in both bounds and for all values of s as long as A containst the
projection to M and + is replaced by vs. This will cause a logarithmic penalty in
the last term depending on the confidence parameter §, but we will neglect this
entire term on the grounds of rapid decay with the product nm. The remaining
term, which depends on s and is different for both bounds, is then

2

_— 17
=gV "
for the non-interacting and
2| Al s 1
C, - 18
’YS(1—€)\/7’77/ || ||HS+m ( )

for the interacting case. Here Cs = (1/m)) | E [stzﬂl,s)xw] is the total
covariance operator for the mixed system. By independence of XV and X! and
the mean-zero assumption for X~ we obtain from Lemma 1 and 3 that

Co=(1/m) > (SEQul + (1 - 9)° E1Qn]) = °C + (1 - ) E[Qxn],
l

where C would be the total covariance operator for the original system. To bound
the HS-norm of this operator we now introduce a simplifying assumption of
homogeneity for the noise distribution:

— X% is distributed uniformly on a k-dimensional unit-sphere centered at the
origin.

This implies that ||E [Qx~]| ;¢ = 1/VE so that
IC:Izrs < 8 [Cllgrs + IE[Qxx]llzs < 8° ICll s +1/VE,

and substitution in (18) gives the new term

2| All s L1 1
—==/||C s |—=+— 19
a1+ 5 (o (19)
for the interacting bound. The dependence on the inverse signal amplitude in

the first factor has disappeared, and as k and m increase, the bound for the
noisy system tends to the same limiting value

2| Al s ICN 12
71 =€) vn
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as the bound for the original ’noise free’ system, for any fixed positive value
of s. This contrasts the behavior of all bounds which depend linearly on the
dimension of the input space (such as in [18]) and diverge as k — oc.

The quotient of (19) to the non-interacting (17) is

1 1
A s2||C + —=+ —,

and the interacting bound will be better than the non-interacting bound when-
ever this expression is less than unity. This is more likely to happen when the
signal amplitude s is small, and the dimension k of the noise distribution and
the number of tasks m are large.

An intuitive explanation of the fact, that for multi-task learning the dimen-
sion k of the noise-distribution has a positive effect on the bound, is that for large
k a sample of homogeneously distributed random unit vectors is less likely to lie
in a common low-dimensional subspace, a circumstance which could mislead the
multi-task learner.

Of course there are many situations, when multi-task learning doesn’t give
any advantage over single-task learning. To make a quantitative comparison we
make a last simplifying assumption:

— The mixture of the distributions of the X' is homogeneous on S; N M.

This implies ||C|| ;¢ = 1/V/d, and, with ||A| ;5 = V/d, the multi-task bound
is related to the non-interacting bound by a factor of

i ( 52 N 1 N 1 >

vd Vk m)
Let us conclude by substituting some more or less plausible numbers. For moti-
vation consider the problem of face recognition in a kernel based system, where
the dimension of the input space is very high, and there is a large supply of
essentially similar tasks. The signal amplitude can be quite small and still be
realistic, because the real world tends to be noisy. Let’s say s = 0.1 and still be
optimistic. In the same spirit we can assume the dimensionality of the noise to
be large, say k = 100000. Let us assume that we have data for m = 1000 tasks,
although the author admits that he doesn’t have a clue how such a quantity
of data could be processed by a realistic algorithm of kernel multi-task learn-
ing. Assigning a value to the remaining critical parameter d now amounts to an
assumption of task-relatedness. Setting d = 10 for example assumes that 10 pa-
rameters suffice to reasonably predict the labels for the data of 1000 tasks. This
is a strong assumption in favour of multi-task learning. With these numbers we
find the bound for multi-task learning to be smaller than the single-task bound

by a factor of 0.27 ~ 1/4.

We finally caution the reader not to take the contents of this section too
seriously. This is not only because of the somewhat artificial assumptions made
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above, but also because a comparison of loose upper bounds does not imply real-
istic statements about probabilities and expectations. The development above is
intended to give a qualitative illustration of the advantages of multi-task learn-
ing.

Appendix

We give a proof of Theorem 4 for the readers convenience. Most of this material
is combined from [1], [2], [3] and [18], and we make no claim to originality for
any of it. A preliminary result is

Theorem 8. Let F be a [0,1]™ -valued function class on a space X, and X =
(Xl)élmz)n)(1 1 @ vector of X -valued independent random variables where for fixed
I and varying © all the Xf are identically distributed. Fix 6 > 0. Then with
probability greater than 1 — § we have for all f = (fl, e fm) eF

Z (71 (x]) g—ZZfl D+ RI(F) + In(1/9)

mn 2mn
l =1 i=1

We also have with probability greater than 1 — § for all f = (fl, ...,fm) e F
that

a2 ES mﬂé%ZZ R (F) (X) 4 ) 2L2/0),
=1 =1 i=1

2mn

Proof. Let ¥ be the function on X" given by

wx):suplZ( E[f(x1) —fol )

m
feF =1

and let X’ be an iid copy of the X™"-valued random variable X. Then

E[W (X)] = Ex ?élgiEX' ZZ(J”( )_fl(X;))H
< B [ LS5 (1 (1) - )
B [ 33k (7 (108) - ).

for any realization o = (O’é) of the Rademacher variables, because the expecta-

tion Exx’ is symmetric under the exchange (X,f)/ «—— X!. Hence

sup—ZZafl 172”7"(}')

EW (X)] < ExE,
fer MmN 0
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Now fix x € X™" and let x’ € XY™" be as x, except for one modified coordinate
(zi)/ Since each f! has values in [0, 1] we have | (x) — ¥ (x')| < 1/ (mn). So by
the one-sided version of the bounded difference inequality (see McDiarmid [12])

2mn

Pr {W(X) > Exo [0 (X')] + ln(l/é)} <.

Together with the above bound on FE [¥ (X)] and the definition of ¥ this gives
the first conclusion. R R

With x and x’ as above we have ’RZL (F)(x) =R (F) (x)
by the other tail of the bounded difference inequality

<2/(mn) , so

2mn

R 4In(1/6
Pr {Rg (F) < R™ (F) (X) + n(/)} <3,
which, combined with the first conclusion in a union bound, gives the second

conclusion [J

We quote the following folklore theorem (see for example [3]) bounding the
Rademacher complexity of a function class composed with a fixed Lipschitz
function.

Theorem 9. Let F be an R™-valued function class on a space X and suppose
that ¢ : R — R has Lipschitz constant L. Let

poF={(dofl o f™) : (f', ... f™) € F}.

Then R .
Ry (9o F) < LRy (F).

Suppose now that F is an R™-valued function class on X'. For f = (fl, cey fm)
define functions f’ = (f’l, ...,f’m) and f” = (f”l, ...,f”m), from X% {-1,1} to
R™ or [0,1]™ respectively, by

(@) =yf (2) and [ (2,9) = 6, 0 [ (2.9) = ¢, (yf (x))

and function classes 7' = {f' : f € F} and 7" = {f" : f € F}. It follows from the
definition of R that R™ (F') (x,y) = R™ (F) (x) for all (x,y) € (Xx {-1,1})""™.
Since ¢, is Lipschitz with constant ~~1, the previous theorem implies that

Ry (F') (X, Y) <47 'Ry(F) (X) and Ry (F') <y 'Ry (F). (20)
On the other hand, for every f = (f*, ..., f™) € F we have
ZE [y (Y1 (X1))]
—ZE[ Lo (f XI,YI)}
—ZE { 1) Xl,Yl)] (21)

\ A
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and
1 m n 1 m n
— > D LY =3 > o, (VX)) =eiy (B). (22)
=1 i=1 =1 1i=1

Applying Theorem to the class F” and substitution of (21), (22) and (20) yield

Theorem 10. Let F be a R™-valued function class on a space X, v € (0,1)
and (X,Y) = (X], Y;l)gtbi’)n:)(m) a vector of X x {—1,1}-valued independent ran-
dom wvariables where for fixed I and varying i all the (Xf,Yil) are identically
distributed. Fix 6 > 0. Then with probability greater than 1 — § we have for all
feF

er(hg) < efy (£) + 7 'R (F) + %

We also have with probability greater than 1 — ¢ for all f € F, that

. _1Am 91n (2/0)
er(hy) < efy (F) + 'R (F) (X) + o
To arrive at Theorem 4 we still need to convert this into a statement valid
with high probability for all margins v € (0,1). This is done with Lemma 5,
which we now apply to the event

F(ay,a,6) = {Elf € F st.er(hg) > efq, (f) + o] "R™ (F) + mz(mlif)} :
Hypothesis (i) of Lemma 5 follows from the previous theorem, hypothesis (ii)
from the fact that the right side in the inequality increases if we decrease § and
a1 and increase a. If we replace a by 1 — € and a by +, then the conclusion of
the lemma becomes the first conclusion of Theorem 4. The second conclusion of
Theorem 4 is handled similarly.
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