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Abstract

Learning from non-independent and non-
identically distributed data poses a persis-
tent challenge in statistical learning. In this
study, we introduce data-dependent Bern-
stein inequalities tailored for vector-valued
processes in Hilbert space. Our inequalities
apply to both stationary and non-stationary
processes and exploit the potential rapid de-
cay of correlations between temporally sep-
arated variables to improve estimation. We
demonstrate the utility of these bounds by
applying them to covariance operator estima-
tion in the Hilbert-Schmidt norm and to oper-
ator learning in dynamical systems, achieving
novel risk bounds. Finally, we perform nu-
merical experiments to illustrate the practical
implications of these bounds in both contexts.

1 INTRODUCTION

Learning from non-independent and identically dis-
tributed (non-i.i.d.) data presents significant challenges
in machine learning, both from theoretical and practi-
cal perspectives. Most real-world data do not follow the
neat, predictable patterns of i.i.d. scenarios, creating
a demand for statistical learning techniques to handle
more complex random processes, thereby broadening
the applicability of learning algorithms.

In this paper, we present data-dependent Empirical
Bernstein Inequalities (EBIs), which apply to vector-
valued random processes in Hilbert space. A driving
motivation for this work is recent studies on learning
operators associated with stochastic dynamical systems
(Kostic et al.| 2022, 20244).
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Stochastic dynamical systems are essential for mod-
eling complex phenomena across diverse fields, from
finance, where they describe asset price fluctuations and
stochastic volatility (Tankov, |2003)), to neuroscience,
where they capture neural variability and synaptic noise
(Rusakov et al., [2020; [Schug et al., [2021)), and climate
science, where they model turbulent atmospheric and
oceanic dynamics (Majda and Harlim| [2012)). A key ex-
ample is Langevin dynamics, which describes molecular
motion in a thermal environment by incorporating both
deterministic forces and random fluctuations, making
it fundamental for simulating biomolecular systems,
modeling Brownian motion, and analyzing stochastic
processes in physics, chemistry, and electrical engineer-
ing (Coffey and Kalmykov}, 2012]).

Many such processes are slowly exploring the state
space, and one has to wait a long time before two
points along the process can be considered indepen-
dent. Such phenomena are formalized via the notion of
mixing. Unfortunately, for largely unknown processes
the quantification of mixing is unfeasible, and it may be
hard even when dealing with data generated from sim-
ulations based on mathematical models which ensure
that the dynamical system is mixing. This motivates
the empirical concentration inequalities for dependent
random variables in Hilbert spaces since their primary
objective is to minimize the inequality’s dependence
on mixing coeflicients that are often unknown.

In this respect, EBIs contrast the more classical combi-
nations of Bernstein inequalities and mixing assump-
tions. Current estimation bounds for covariance op-
erators exhibit a reduced effective sample size, which
roughly requires dividing the length of the trajectory
by the mixing time. We show that our EBIs allow us
to derive estimation bounds in which these large mix-
ing times mainly impact the fast O(1/n) term in the
bound, while the slow O(1/4/n) term involves only the
time-lag correlation/variance of within-block average
of the process, which may be very small even for slowly
mixing processes. Notably, when the variables observed
along a trajectory decorrelate much more rapidly than
they achieve approximate independence, Bernstein’s
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inequality, with its smaller variance term, facilitates
O(1/n) convergence rates, a significant improvement
over standard ones.

This utility is enhanced by combining the inequality
with precise estimates of its variance term, further
differentiating our empirical bounds from others and
highlighting the novelty of our approach compared to
related works. Finally, we highlight that our bound
only requires prior knowledge of the mixing coefficient
of the process, with all other quantities being data-
dependent.

Previous Work The idea of combining Bernstein’s
inequality with estimates of the variance term is not
new. It was first applied to reinforcement learning
and general learning theory ((Audibert et al., [2007),
(Maurer and Pontil, [2009), (Audibert et al.| 2009)) and
has been extended to improve estimates on Martingales
(Peel et all 2013} [Waudby-Smith and Ramdas| 2024)),
U-statistics (Peel et al. [2010), PAC-Bayesian bounds
(Tolstikhin and Seldin| 2013) and certain Banach space-
valued random variables (Martinez-Taboada and Ram4{
2024)). To our knowledge, the present paper gives
the first application to weakly dependent variables
in a Hilbert space. Other relevant works on learn-
ing with non-i.i.d. data include (Hang and Steinwart
[2014; [Steinwart and Christmannl, [2009} [Steinwart et al.
[2009; [Smale and Zhoul, [2009; [Hang and Steinwart|, 2017}
[Modha and Masry|, [1996} Blanchard and Zadorozhnyi,
2019; Liu and Austern 2023;[Alquier et al.,[2019}[Abeles|
et all, 2024; [Abéles et all 2024} [Chatterjee et al., [2024).
These studies do not consider data-dependent bounds
for random variables in Hilbert spaces or focus on op-
erator learning, so they cannot be directly compared
with ours.

Within the context of operator learning, it’s notable
that (Kostic et al., |2022) utilizes the block method
from to derive estimation bounds for the
covariance operator in the domain of transfer opera-
tor learning. The concept of a mixing assumption in
learning theory is likely first introduced by ,
alongside a technique for method of interlacing block
sequences to derive empirical bounds. The authors
(Modha and Masry}, [1996) soon applied these ideas to
provide a version of Bernstein’s inequality, a scalar ver-
sion of Theorem [} Since then, mixing and the method
of blocks have been used by numerous authors ((Meir)
2000), (Mohri and Rostamizadehl [2008), (Steinwart
and Christmann) [2009), (Agarwal and Duchil, [2012]),
(Shalizi and Kontorovich| [2013)), and others). We fol-
low a similar approach, with the distinction that our
data consist of a sequence of vectors X1, Xo,... in a
Hilbert space, and we combine Bernstein’s inequality
with empirical estimates of its variance term.

Contributions In summary our main contributions
are: 1) We present novel empirical Bernstein inequali-
ties for a sequence of vectors in a Hilbert space; 2) We
apply these inequalities to derive estimation bounds for
the covariance and cross-covariance matrices of the pro-
cess, showing improvement over recent bounds in the
context of stochastic dynamical system and Koopman
operator regression (KOR); 3) We use our EBI to prove
risk bounds for learning stochastic processes, which due
to its empirical nature avoids the need for (typically
unverifiable) regularity assumptions; 4) We present
experiments illustrating our theory, and, notably, show
that our bounds help understanding generalization in
moderate sample-size regimes, and can serve as practi-
cal model selection tool in learning dynamical systems.

2 THEORETICAL RESULTS

The objective of this section is to bound the error
incurred when estimating the mean of a random vector
by its average on an observed trajectory. We study the
norm of the random variable

LY (x-ELX)), (1

t=1

where X = (X7, ..., X,,) is a vector of random variables
in a separable Hilbert space H, representing the obser-
vations along the trajectory. The principal difficulty
is the mutual dependence of the X;. To explain our
assumptions to replace independence, we briefly define
the S-mixing coefficients for stochastic processes and
describe the method of blocks to approximate a sum
of dependent random vectors by a sum of independent
block-averages. After that, we state our main results
and conclude this section with a sketch of their proofs.

2.1 Backgrounds on f—mixing Coefficients
and the Method of Blocks

The key idea for handling dependent data observed
from a random, temporal process is that, while subse-
quent observations may be strongly dependent, they
often become approximately independent when sepa-
rated by sufficiently large time intervals. Such processes
tend to forget their distant past.

To estimate the mean of a random vector in Hilbert
space from the observation of a single trajectory
X=(Xy,...,Xn) ~ p of a largely unknown random
process, for 7 € N, we define the mixing coefficients

(Bradicy, 2005).

By, (1) = sup sup

, | 11151004 700) (B) —
JeEN BeX((1,5]U]j+T,00))

B115] X Bty (B)]:
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Here X ([1, j] U [j+7, 00)) is the set of events depending
on the X; with ¢ € [1,j] and ¢ € [j+7, 00), the measure
H[1,5]U[j+7,00) 18 the joint distribution of these variables,
and p[1 j) X Hjyroco) 18 the product measure, where
events in ¥ ([1,7]) and 3 ([j+7,00)) are independent
(we write py for the joint distribution of X; :4 € I).
By definition this independence assumption incurs a
penalty of 3, (7). For m events, mutually separated
by 7 time increments, the penalty of assuming them to
be independent then increases to (m — 1) 8, (7). The
mixing coefficients are necessarily non-increasing. Typ-
ical assumptions are algebraic mixing, 3, (1) = 777,
or exponential mixing 3, (1) ~ exp (—pr) for p > 0.

Let us assume that n is an even multiple of some
7, that is, n = 2m7. Following the seminal work of
(Yu, [1994) we divide the entire time interval into two
sequences of blocks of length 7, where the blocks in
each sequence are mutually separated by 7. Thus
one sequence is Iy, I, ..., I,,, where each I has 7
points and the distance between different I, and I;
is at least 7. The other sequence I, I}, ..., I/, has the
same properties and fills the gaps left by the first se-
quence. In other word for 7 € N and k € [m] these
index sets are I, = {2(k—1)7+1,...,(2k—1) 7} and
I ={(2k—1) 741, ..., 2k7}.

If we drop the normalizing factor 1/n, which can always
be re-inserted in our bounds, the random variable in
can then be written as

m

DY _(-EX)), (2)

k=1

Y (Xi—E[Xi]) =) (Ye—E i)+
k=1

i=1

.Y, are the "block sums"

where the Y7, ..., Y, and Y7, ...

Vi=> Xjand Y/ =) X, (3)

i€l iel],

Clearly the Y; are mutually separated by 7 time incre-
ments, so they may be assumed mutually indepen-
dent at a penalty of (m —1)f,(7), and the same
holds for the Y/. To express these independencies
we write Pry for the probability measure pr, X ... X ur,,
on ¥ (U..UI,) and Prp for Py X o X i on
Y (I{U...UI,). Then the above ideas are summa-
rized by the following lemma, with detailed proof in

Appendix [A73]

Lemma 1. Let X; have values in a normed space
(X, Il and let F,F' : X™ — R, where F is
Y ([1 U...UIy)-measurable, and F' is ¥ (I1 U...UI],)-

measurable. Then

gt
<Pr{
+Pr{

where the Yy, and Y, are given by @

n

> &

=1

> (Vi —E
k=1

2.0

>F(X)+F’(X)}

>F (X)}

>F (X)} +2(m—1) B, (1),

So the problem of bounding the norm of the depen-
dent sum is reduced to bounding the norms of two
independent sums, albeit with an effective sample size
reduced by a factor of 27. The interlaced sequences
of blocks are a standard method to port bounds from
the independent to the dependent case. The novelty
here is the introduction of F and F’, needed for our
empirical bounds.

For an unknown process, explored only by observation
of a single trajectory, the coefficients 3, (7) are fixed
largely based on plausibility, making 7 very uncertain.
Any bound on the estimation error should therefore
depend as little as possible on 7, which determines the
effective sample size m = n/ (27).

2.2 Bernstein Inequalities for Vector-Valued
Processes

Bernstein-type concentration inequalities for functions
of m independent variables bound an estimation error
by the sum of two terms, a rapidly decreasing term of
order % and another term, which decreases as /V/m,
where V' is related to the variance of the variables.
For the blocking technique, this variance becomes the
average of variances of within-block averages, %Yks and
%Yk’s. Bernstein’s inequality can exploit the fact that
the correlation of temporally separated variables often
decreases orders of magnitude faster than they attain
approximate independence. The mixing time 7 then
enters mainly in the rapidly decreasing term of order
7/n. This fact has also been pointed out by (Ziemann
et al., [2024).

For a specified 7 define the set S, C [n] x
Uity (e x Te) U

[n] by S‘r =
(I}, x I},), where |S;| = 2m7?, and

2 ElXuX

(t S)ESH

Vo(X |—(E[X)E[X.]) (4)

The following is our first result.

Theorem 1. Let m,7 € N, n = 2mr, and let
X = (Xy,...,Xy) be a vector of random variables in a
separable Hilbert-space M, satisfying || X¢|| < ¢ for all t.
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Let 6(1) = 6—2(5=—1)B,(1) > 0. Then with probability
at least 1—9 we have

1< 27V, (X) 2
g;(Xt—E[Xt]) S\/n (1—1—21115(7_))
8tc 2
+% H@.

If the failure probability ¢ is fixed, 7 must be sufficiently
large to satisfy § > 2(5-—1)8,(7) and result from the
specific assumptions on the decay of mixing coefficients.
The variance surrogate, V;(X), can be bounded by ¢?,
so the entire term is at worst of order /7/n, but it
may become arbitrarily small depending on the joint
distribution of the X;.

If the law of the process is unknown, then the previ-
ous result is not satisfactory, since in addition to the
uncertain, but unavoidable, mixing assumptions, we
now also need assumptions on the behaviour of cor-
relations, unless we want to return to the worst-case
bound. Fortunately V,(X) can be estimated from the
same trajectory and the estimates can be combined
with Theorem [1| to give empirical Bernstein-type in-
equalities, an idea which has been successfully applied
to a variety of problems (Audibert et al., 2007} [Mau-
rer and Pontill 2009; |[Audibert et al., [2009; Burgess
et al., 2020; |Jin et al.] [2022} [Tolstikhin and Seldin| [2013;
Shivaswamy and Jebaral 2010; [Peel et al., (2010} 2013).

We give two versions, using a biased variance esti-
mate for general processes and an unbiased estimate
for stationary processes. The symmetric structure of
Sy implies, that }° o g (E[Xi],E[X,]) = 0, so that
the centered correlations in V;(X) can be bounded by
uncentered ones. Using this biased estimator

- 1
VT(X) = S Z <XtaXs>7 (5)
S| (t,s)€S,

where |S;| = 2m7?, then leads to the following.
Theorem 2. Under the conditions of Theorem[1] we
have for 6 € (0,1), and 6(7) = 6—2(5=—1)B.(7) > 0
with probability at least 1—9 that

1 27V, (X) 4

- Z (X;—E[Xi]) g\/n <1+21n(($(T)))
327’c1 4
3n o(r)

If the observed, uncentered correlations decay quickly
relative to 7 the first term can be nearly as small as
\/1/7, but no smaller. Because we have at least n
clements in the diagonal of the whole matrix so V;(X)
can not be smaller than min, ”Xt”it /T.

We give an improved estimate for stationary processes.
A process is called stationary if the joint distributions
satisfy pur = pr4+ for any ¢t € N. In this case, we can
estimate the unbiased variance using a u-statistic as
follows:

7.(X) =

1
= m ( Z <Xt,Xs>*m gXtaXS> (6)

t,5)ES, (t,s)esS~
where |S,| = 2m72, and |S,| = 2m(m — 1)72. Here

= U

k#l:k,le[m]

(Ik X Il) U (I;g X Ill)

Theorem 3. Under the conditions of Theorem[1], if
the process is also stationary, we have for § € (0,2/e)
and 0(1) = 6—-2(5=—1)B,(7) > 0 with probability at

least 1—6 that
< [FVX) (L (-2
- n . o(7)

2271c 4
ln(%).

LS (x—E X))

n =
%

_|_

Think of [n] x [n] as the surface of a chessboard with
fields of side length 7. Then m = 4, and S, is the
union of the squares on the white diagonal, and S, is
the union of all other white squares (see Figure . If
(s,t) € S, then s and ¢ are no more than 7—1 apart,
while for (s,t) € S, they are at least 7 apart. Notice

L Il L I, I I} I, I

u m:
; s,
I,
1 4|
2 8 15}
=&
I3 L
gl o
I =
I,
I; Il\
2m blocks T
n elements

Figure 1: The blocks belonging to S, and S..

that the passage to empirical bounds incurs additional
constant factors only in the bound for the last term.

2.3 Proofs

Sketch of proof (detailed in the supplementary file).
As explained in Section the method of blocks pro-
vides a tool to port bounds from the independent to
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the dependent case, so we first establish inequalities
for independent data.

A concentration inequality of (McDiarmid} |1998, Theo-
rem 3.8) quite easily leads to the following Bernstein-
type inequality for independent, centered vectors Y; in
Hilbert space, satisfying ||Y; — EY;|| < c.

Pr{ > \/ZEm —EmJ?
(14 V2 /D) + 2 1/5)}

E [Yi]

(7)

The additional 1 in 1+

of the expexted norm by the root of the variance. To
obtain empirical bounds we want to combine this with
estimates of the variance term. Without additional
assumptions, we obtain from a concentration inequality
for real-valued functions that

\/2In (%) arises from a bound

\/ZE I¥i — EV]IP < ¢Z IVill? + ey/ZIn (1/5).
k k

Combining this with in a union bound gives, with
probability at least 1 — ¢

Pr{ Y vi—Em| > /ZHYiHQ (1+\/2ln(2/5))
k

16¢

+5 I (2/5)}

This is our independent template for Theorem 2.

To obtain Theorem 3, we can use stationarity of the
process, which means that the Y}, (or the Y}) can now
be assumed to have identical distribution. In this case,
a slightly more involved argument gives the estimate

\/;Eyk—E[mPsﬁwf_l) S - vl

KLkl

+4ey/21n (1/6).

Again a union bound with gives the independent
template for Theorem 3.

Now we port these inequalities to the dependent case
using Lemma [I} For Theorem 1, we define

m

SOENVe - EMIP (14 V21 (2/0))

F(X)=

+%1 (2/6)

with F’ (X)) defined analogously, replacing Y by Y.
Substitution of these definitions in the body of Lemma
[1], using (7) to bound the two independent probabilities,
some algebraic simplifications, and reinsertion of the
overall factor of 1/n =1/ (2m7) give Theorem 1.

Above F' and F’ were simply constant functions. This
is different for the empirical bounds, where they contain
the variance estimates. To obtain Theorem 2 we let

S vl? (1+ V21 (4/2))+
k=1

1
F(X) = GCT

In (4/6)

which is ¥ (I3 U ... U I,;,)-measurable, and replace Yy
by Y, for the analogous definition of F’(X). Then,
using Lemma 1| and , unraveling the definitions
and some simplifications, give Theorem 2. Similarly

F<X>—\/2(T;_1) S Y- P (142 (9))

Lkl
+ 1lerIn (4/9),

and the corresponding F’ (X) give Theorem 3.

3 APPLICATIONS

In this section, we address two important fields of study
where our bound can lead to new advances. First,
we note that the concentration inequality is naturally
linked to covariance estimation, which plays an impor-
tant role in machine learning and statistics (Markowitz,
1952 von Storch and Navarral [1999; [Schafer and Strim/{
mer), |2005; [ Mollenhauer et al., [2022). The second ap-
plication concerns data-driven dynamical systems and
in particular transfer operators, which are also widely
used in science and engineering (see e.g. [Brunton et al.
2022; |Tuckerman, 2023) and references therein).

3.1 Covariance Estimation

We apply our results to the estimation of covari-
ance operators on the Reproducing Kernel Hilbert
Space (RKHS) H with an associated kernel function
k:X x X — R. Letting ¢ : X — H be a feature map
such that k(z,z') = (¢(x), ¢p(z')) for all x,2’ € X, we
aim to bound the Hilbert-Schmidt norm estimation
error. Hence, in this setting, the observed vectors are
operators, and to apply our bounds one needs to replace
X by the rank-one operator V; = ¢(X:)®¢(X¢). Then,
V-(Y) and V;(Y) can be easily computed by using en-
tries of the kernel matrix. If the process is not station-
ary, we can only estimate the ergodic average of covari-
ance operators, that is, (1/n) Y1, E[¢(X:) @ ¢(X¢)],
which becomes C' = E[¢(X1) ® ¢(X7)] for station-
ary processes. The transcription of the previous re-
sults fortunately is affected by simply replacing all
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T = (1/n) >0 E[¢(X:) ® ¢(Xi41)] because the in-
ner products change; the block variables are then only
separated by 7 — 1 instead of 7, and we also need to
observe one more point on the trajectory.

To demonstrate the application of our empirical Bern-
stein’s inequalities to estimate the covariance and the
improvements it introduces, we first adapt Pinelis and
Sakhanenko’s concentration inequality for random vari-
ables in a separable Hilbert space (see (Caponnetto
and De Vito, 2007, Proposition 2)) to trajectory data,
using the method of blocks and [-mixing, as it was
suggested in (Kostic et al., [2023)), see Appendix

Assuming that the data is sampled from the stationary
distribution, our bounds in Theorems 2] and [3] apply.
Compared to worst-case bounds, the improvement lies
in the correlation factors V;(X) and V;(X) in (6)) and
(5), respectively, affecting the slow term in the bound.
Before we illustrate this improvement empirically, we
discuss a related application.

3.2 Learning Dynamical Systems with
Transfer Operators

Recent advances in the statistical theory for Koop-
man operator learning have highlighted the significant
impact of covariance estimation on the ability to gen-
eralize when forecasting and interpreting dynamical
systems from data-driven models (Kostic et al., 2022}
Philipp et al., [2024)). While statistical learning theory
has been thoroughly developed for kernel methods (Kos,
tic et al, |2023, 2024a)) under S-mixing assumptions, an
important gap remains between the learning rates and
generalization bounds and the practical performance
of the methods. This is particularly interesting when
comparing recent deep learning advances with kernel
methods (Kostic et al.l 2024c). Here, we briefly review
the transfer operator learning and then present novel
contributions to this field based on our EBI.

For a time-homogeneous Markov chain with an
invariant (stationary) distribution 7 the (stochastic)
Koopman operator A, : L2(X) — L2(X) is given by

[An ()= /X P, dy) F () =E [ (Xes1)| X, = 2],

where f € L2(X),z € X, and p is the transition

kernel.

In many practical cases, A, is unknown, but data
from one or multiple system trajectories are avail-
able. A framework for operator regression learning
was introduced in (Kostic et al., [2022) to estimate
the Koopman operator on L2 (X) within a RKHS us-
ing an associated feature map ¢ : X — H. In this
vector-valued regression, the risk functional is defined
as R(G) = Exwr x+~p(1x)][0(Y) = G*o(X)|?,,, and
the task is to learn A, by minimizing the risk over

some class of operators G: H — H using a dataset
of consecutive states D,, := (z;, ;)" ;. Typical sce-
nario is to obtain the states from a single trajectory
of the process after reaching the equilibrium distri-
bution, that is Xo ~ 7, X7 = Xip1 ~ p(-| Xy),
i =2,...,n, and the popular estimator in this setting is
the Reduced Rank Regression (RRR) one G obtained
by minimizing regularized empirical risk ﬁA(G) =
% Zie[n] qu(x;") — G*(b(xi)H%{—!—)\HGH%{S, over operators
G of rank at most r, that is @EE\{R:CA';UZ [[é;lmf]]r is
computed via r-truncated SVD [-],- and input and cross
empirical covariances C = i Yicm ¢(zi)®d(xi) and
T = 1 >ieln] #(z;)2¢(x]), respectively, while C\=C+
My, cf. (Kostic et al., 2022, [2023).

The recent works (Li et al., [2022; |Kostic et al., 2023)
on the mini-max optimal learning rate for KOR in i.i.d.
settings crucially rely on Pinelis and Sakhanenko’s in-
equality. As observed above, applying the method of
blocks and (-mixing extends the i.i.d. analysis of KOR
to realistic scenarios of learning from data trajectories
of a stationary process. In the following, we present a
novel risk bound for the reduced-rank Tikhonov esti-
mator that circumvents the need for regularity assump-
tions, in (Li et all, 2022; Kostic et al., |2023| |2024allb).
Theorem 4. Let X = (X;)7, be a stationary Markov
chain with distribution u, and the risk definitions as
above noting that m=p. Denote G, be a minimizer
of reduced-rank Tikhonov reqularized empirical risk and
Y=(o(X¢) ®p(Xy))io1, Z=(H(X¢e) ® ¢(X¢41))iy, and
W=(||¢(X4)||?),. Assume n=2mr, and exists c3; >0
such that ||¢(Xy)||?<cy a.s. for all t. Let §>0 and
assume SM(T, A):=0.5 5/||ér,,\||—2(%—1)5u(7')>0-
Then, with probability at least 1—6 we have for every
G, such that |Grallzzs>1

12837 |G | (V|G ) 12

R(G)—R(G)|< In =
[R(G)-R(G)]< L oS
14cqy 12 12
In =
3n — 21 5u(T )
P
+ 32”Gr,>\H VT(Y)T 142 In — 12
n 6#(77 A)
P
n 8r||Gr 2|12V (Z)T 14210 — 12
\ n Ou(T,\)
n 2V (W)t In — 12 7
n 5#(77 A)

I/ _ 1 T/ T .\2
where V(W) = mm—1)72 DicicjemWi = W5 +
'This is an artifact of the conversion from Ivanov to
Tikhonov-type bounds. In practice, we expect the Hilbert-
Schmidt norm to be much larger than 1.
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(Wi = W52, Wi = 3ier, Wi and W5 = 32, Wi
- . J J
V(YY) and V-(Z) were defined before.

We remark that the only non-computable part in the
bound is the mixing coeflicient in the log terms, while
the powers of the estimator’s norm are weighted by the
correlation coefficients. This is particularly interesting
because the bound holds in the non-asymptotic regime,
and even with moderate sample sizes, it reveals the im-
pact of hyperparameters, namely the ridge parameter
A > 0 and rank parameter r, on the risk concentra-
tion. We illustrate this feature in the practical problem
of model selection when learning molecular dynamics.
Further, note that our approach can easily relax the
restrictive stationarity assumptions at the cost of an
additive term quantifying the distance of the initial
distribution from the equilibrium one, see Appendix
[Bl for a discussion. This is crucial for scenarios where
data is collected out of equilibrium, a challenge not
easily addressed by approaches like (Kostic et al., |2022,
2024a).

4 EXPERIMENTS

In this section, we showcase the improvements of our
empirical Bernstein inequalities for covariance estima-
tion and for learning dynamics systems with mod-
erate sample sizes. To facilitate the reproducibility
of our main experimental results, we have made the
code publicly available in a GitHub repository, which
can be accessed via the link https://github.com/
erfunmirzaei/EBI4LDS.

—— Pinelis bound —— EBI(biased) ~—— Estimated True value

New Pessimistic bound ~—— EBI(unbiased)

length scale =0.05 length scale =0.15 length scale =0.25

Covariance upper bound

10° 10° 10° 100 10* 10°
Number of training samples Number of training samples Number of training samples

Figure 2: Covariance upper bound as a function of
the number of training points for three different length
scales of Gaussian kernel in logarithmic scale. The
failure probability is assumed to be 0.05, and the plots
have averaged over 30 independent simulations.

4.1 Covariance Estimation Using Samples
from Ornstein-Uhlenbeck Process

In the first experiment, we illustrate the quantitative
improvement of our EBIs in comparison to its pes-
simistic non-empirical version, noting that a slightly

different form has been used in (Kostic et al., 2022).
We use the proposed empirical inequalities to deter-
mine the concentration of the covariance operator in
the Hilbert-Schmidt norm. The usefulness of the new
bounds can be particularly exploited when the process
decorrelates much faster than it attains independence.
To demonstrate this, we use 1D equidistant sampling
of the Ornstein-Uhlenbeck process, obtained by inte-
grating X; = e ' X;_1+v1 — e=2 ¢, where {€;};>1 are
i.i.d. samples from the standard Gaussian distribu-
tion. For this process, it is well-known (Pavliotis] [2014))
that the invariant distribution, 7, coincides N (0, 1).
One point that makes the use of this as a toy example
beneficial is the fact that this process belongs to expo-
nential mixing processes 3, (1) ~ exp (—p7) where p is
the gap between the first and second eigenvalues of its
transfer operator is also known p = 1—1/e. We apply
a Gaussian kernel with different length scales to map
our data to the RKHS with the corresponding feature
map, ¢(xt)

Initially, we set a probability threshold for the failure
of the inequalities. Subsequently, with this fixed failure
probability in mind, we determined the appropriate
mixing time 7 for a given sample size n, defined as the
smallest value satisfying §(7). We opted for 7 due to
its optimality since we observed through experimental
validation, that there is a consistent monotonic increase
in the relationship between the empirical bounds and
T, across various training set sizes and different failure
probabilities. For further details, please refer to Ap-
pendix [C.1.2] In Figure[2] we plotted empirical upper
bounds for covariance estimation for different numbers
of training points across three different choices of length
scales over 50 independent simulations. We compared
the new data-dependent upper bounds against the con-
servative bounds derived from Pinelis and Sakhanenko’s
inequality, as well as the concentration inequality pre-
sented in Theorem 4. The details of computing the
true error value are explained in Appendix

Figure [2 shows that one can significantly overestimate
when using classical Bernstein-type inequalities pes-
simistically, especially as the number of training points
grows. In other words, the slow term in the classical
Bernstein inequalities may not be too slow, especially
for processes where elements decorrelate rapidly. Im-
portantly, notice that the slopes of the EBI bounds
show a faster rate ~ 1/n for the moderate sample
size regime than the rate 1/4/n that is asymptotically
optimal.

As noted above, the sample covariance operator
matches the square of the kernel matrix. For a better
understanding, we can examine the extreme cases of
the two variance proxy estimates in Appendix
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Figure 3: Performance evaluation of rank-5 RRR esti-
mators using Gaussian and DPNet kernels on MNIST
with n = 0.1: normalized correlations and forecast ac-
curacy.

4.2 Noisy Ordered MNIST

Now we design an experiment involving a stochastic
process with K states, S1,S3,..., Sk, corresponding to
each integer class of the MNIST dataset. At each time
step of a trajectory, we sample an MNIST image from
that class, with the classes appearing in an ordered
sequence, subject to a small perturbation probability.
More precisely, the probability of transitioning from
S; 10 S(i41)moar 18 1 —n, while the transition to
any other state occurs uniformly at random with
probability 1. Notice the invariant distribution = is
uniform in the above setting. Moreover, the mixing
time is 7 > n~lIn(1/e) for a distance e from the
invariant distribution, 7 (Levin and Peres| 2017).
This provides an estimate of the mixing coefficients

Bu () = exp (=nT).

To show the importance of selecting an appropriate
representation for learning the dynamics, we selected
the first 5 classes of the MNIST dataset as training
data points, and we compared the Reduced Rank Re-
gression (RRR) estimator in (Kostic et al., |2022) with
rank 5, using two different kernels. The first repre-
sentation is the Gaussian kernel which is known to
be a universal kernel. The second kernel is linear in
the space parametrized by a neural network ¢g € R®
trained according to Deep Projection Neural Network
(DPNet) (Kostic et al., [2024c|), which is designed to
minimize the representation error for the operator re-
gression task by minimizing the empirical risk. While
for the Gaussian kernel, we performed hyperparameter
tuning on validation data points, resulting in a length
scale of 784 and a regularization parameter of 10~7, for
DPNet we use a CNN architecture; see Appendix
for more information.

ator_estimators on

We_trained the two transfer oper

different samples. Figure [3] demonstrates that the nor-
malized correlations, V;(X), and V,(X), are effective
estimators of the generalization performance of the
learned models. We applied min-max normalization
to the kernel matrices. The rightmost figure in the
first row shows the average accuracy of all forecasts
of test points for each model, varying the number of
forecasting steps. In this process, the model predicts
an image, and we use an Oracle CNN to predict the
label. We then match this predicted label with the
true label and compute the accuracy accordingly. In
the second row, we illustrated how this forecasting
works for a single sample of the test set. As expected,
only the forecasts using the DPNet kernel maintained
a sharp (and correct) shape for the predicted digits
over a long horizon. In contrast, the Gaussian kernels
were less effective in capturing visual structures, and
their predictions quickly lost resemblance to digits.

The results indicate that our bounds provide valuable
insights into the generalization performance of operator
regression methods for dynamical systems, which de-
pend crucially on the concentration of covariances and
time-delayed cross-covariances, c.f. (Kostic et al., |2023]
2024al). We repeated the procedure with two different
values of n = 0.2 and 0.05. The results can be found
in Appendix C.2.

4.3 EBI-based Model Selection

In this experiment, we demonstrate that minimizing
the bound Theorem [ can serve as an effective crite-
rion for selecting Koopman models. We applied this
approach to a realistic simulation of the small molecule
Alanine Dipeptide, c.f. (Wehmeyer and Noél 2018)).
Sixteen RRR estimators, each associated with a differ-
ent kernel’s length scale and/or Ridge regularization
parameter, were trained, and their forecasting RMSE
was assessed using 2000 initial conditions from a test
dataset. In this procedure, for the S-mixing coefficient,
we used an estimate via the second eigenvalue of the
Koopman operator based on the independent studies
(Bonati et al., 2021). Figure 4| presents these errors,
highlighting the model with the lowest empirical risk
bound (as defined in Theorem [4)), which is one of the
best estimators.

5 CONCLUSION

Motivated by recent progress on stochastic dynamical
systems and the fact that, in real-world situations, data
are neither i.i.d. nor in the stationary regime, we de-
rived empirical Bernstein inequalities for a general class
of stochastic processes in Hilbert space. Bernstein-type
inequalities have been shown to be a key component of

learning dynamical systems in previous studies (Kostic
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Model selection for Alanine Dipeptide

—— Minimizer of Emp. Risk Bound Est.
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Figure 4: Forecasting RMSE on the Alanine Dipeptide
dataset for 16 different RRR estimators, each corre-
sponding to a different kernel’s length scale and/or
regularization parameter, which show how the best
model, according to the empirical risk bound metric,
also attains one of the best forecasting performances.

et al.l [2022] 2024a). In this paper, we showed that one
can retain the guarantees in these papers while relaxing
the restrictive assumptions on the data sequence. No-
tably, our inequalities expose the effect of correlations
in improving the bounds. Further, we developed an
alternative approach to risk bounds of reduced rank
regression that is less restrictive and more practical
than the existing ones, as also illustrated numerically.
A limitation of our work is that our bounds in their
current form are still not adapted to exploit the effec-
tive dimension of the RKHS in deriving the minimax
rate and theoretically proving the impact of the cor-
relation coefficients on the excess risk. Future work
could address this question as well as investigate the
application of our bound to the vector-valued problem
in the context of partial differential equations.
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(time, space, sample size) of any algorithm.
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vided in Appendix C.
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Supplementary Material

A Hilbert space-valued concentration for dependent, non-stationary sequences.

First, we give a version of Bernstein’s inequality for independent vector-valued random variables. Then we
specialize in the dependent case under S-mixing assumptions.

A.1 Vector valued concentration for independent variables

Theorem 5. Suppose that the X; are m independent mean zero random variables with values in a Hilbert-space
H, satisfying || X;|| < c. Then for § >0

> /ZE||XZ-||2(1+\/21n 1/5) —1n (1/8) b < 6.

A well-known bound of Pinelis and Sakhanenko (Caponnetto and De Vito|, 2007, Proposition 2), when specialized

to bounded vectors, would be
2
2 E||X;]1 4cl
e (5] aem (7).

which is slightly worse, not only with respect to constants but also in its dependence on the confidence parameter

J.

To prove Theorem [5| we use the version of Bernstein’s inequality is below. For z = (21, ..., z2,,) € X™, k € [m] and
y € X define the substitution Sl’fz = (21, ey Zhm15 Yy 2kt 1y ooy Zm)-

Theorem 6. (see (McDiarmid, |1998), Theorem 3.8 or (Maurer|, |2012), Theorem 11) Let X = (X1, ..., X;n) be
a vector of independent random variables, with values in X and f : X™ — R. Assume that Vk € [m], x € X™,
f(x)—E[f (S% x)] <b. Let denote

_ ,X%Z [( (Sk,x) — f (sg;x)ﬂ |
Then fort >0

—¢2
Pr{f (X)-E[f (X)] >t} <exp <2V+2bt/3> '

The quantity V is the "maximal sum of conditional variances" ((McDiarmid} [1998)): we compute the variance of
f in the k-th variable (here X is an independent copy of X}), holding all the other variables of x fixed, then we
sum over k and finally take the supremum in x.

Proof of Theorem[5 We will apply Theorem |§| with X = {z e H : ||z|| < c} Define f (x) = ||>_, ;|| and note
that for y,v' € H, f (S?’jx) - f (S’;/x) < |ly — ¥/||. This implies that f (x) —E [f (S’é“(k x)] < 2c and also

Vg 30 (st s (s8] < § e ltr] = e

xeXm™

By Bernstein’s inequality, Theorem [6] for ¢ > 0,

el

Solving for t gives for 6 > 0
<e [

i >t <exp
25" E|X; || +dct/3

>

\/ ZEHX 1% 1n (1/6)+ ln 1/5}
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Using Jensen’s inequality, independence, and the mean-zero assumption to bound E[||>°, X;|]] < />, E 11X 2
complete the proof. O

A.2 Empirical bounds

If we drop the mean-zero assumption, then the inequality in Theorem [5| reads
|Z(X \/ZE|X _E[X (1+\/21n 1/5) “m/s).

K3
In many applications, we observe the X;, but we do not know the expectations and wish to use the inequality to
estimate ), E[X;]. In this case, it is useful to have an empirical estimate of the variance term on the right-hand
side. We give two such estimates, a simple biased one and an unbiased one for i.i.d data. Both use the following
concentration inequality, which can be found in (Maurer and Pontil, [2018|, Corollary 10).

Theorem 7. Define an operator D? acting on measurable functions f : X™ — R by

D21 () = 3 (700~ int 1 (5} x))Q,

eXx
© Y

and let X = (X1, ..., X;n) be a vector of independent variables with values in X. Now suppose f : X™ — R satisfies
f(x) —infyex f (S’l’jx) <b forallk e {1,...,m} and allx € X™, and for some a >0

D2f (x) < af (x),Vx € X", (8)
Then for all § > 0 with probability at least 1 —

VEIF(X)] < V/F (X)+/2max {a, b} n (1/3).

For the simple biased estimate, we use the elementary inequality

\/ZEIIX —E[x ¢Z E X7 — [ELXI?) < \/ZEIIX 2 o

Let f(x) =), ||#|*. The minimizer in y of f (S?’jx) is clearly y = 0. Thus f (x) —infycx f (Szljx) < flax)? < e
and
x) < Mzl <Y Hlwll* = EF ().
k k

The theorem above, with a = b = ¢? gives with probability at least 1 — § that

\/ZE Il < \/Z Il +ey/2n (1/5)

A union bound with Theorem [f] gives

Proposition 1. Under the conditions of Theorem [5, but with uncentered X;, we have for 0 < § < 1 with

probability at least 1 — 0 in X
16¢
‘Z(X- _E[X /Z X2 (1—1—\/2111 2/9) ) +=-In(2/9).

i
For identically distributed X; we can do better, since then

\/ZE|Xi—E[XiJ||2=\/ SE S XX (10

1,j1iA]
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and we can apply Theorem [7] to
2
F) =D =)
1,J:1F]
Then for any k € [m] and y € X we have
£ = £(Six) =23 (e —ll® = i =)
i#Ek

It is easy to see that the minimizer in y of f (S;jx) is the average yr, =1/ (m —1) 3, z;. A computation gives

2
1
Dol =yl =D Ml — el - e > (i —ap)
£k ii#£k £k
Thus )
. 2
f(x)—u;ff(Sfx):m Z(mz—mk) <8(m—1)c,
£k
Thus, b = 8 (m — 1) ¢?, and
4
4
D*f(x) = —— (i — wp)
(m—1)* g Z;’C
A 2
4(m—1) 1
) D [ ) DR AR
(mfl)Q; m_ligk
y 2
4(m—1) 1 2
< i — x|
(mfl)ZZJ; m_li%;k
<16 (m—1) > Y flwi — @l

k itk

The first inequality follows from Jensen’s inequality; the second is obtained by bounding
1/ (m—1) 3z lwi — z]|? < 4¢2. Thus D2f (x) < 16 (m — 1) f (x) where a = 16 (m — 1) 2.

It follows from Theorem [7] that with probability at least 1 — &

\/ZEHXZ-—E[XW#M{D S X - X 1P e/ (179)

i,j:i7#]

and the union bound with Theorem [5| gives (with some rather crude estimates) for 6 < 2/e with probability at
least 1 — ¢

Using 4v2+ 4 + 3 = 10.99 < 11 we obtain

Proposition 2. Let X = (Xy,..., X,,,) be a vector of i.i.d. random variables with values in a Hilbert space,
satisfying || X1|| < ¢ almost surely. Then for 0 < § < 2/e with probability at least 1 — § in X

‘ g\/z(ml_l) > ||Xiju2(1+\/m) +11cIn (2/6) .

1,517

Z(Xi —E[Xi])

7

>\/2(m1_1) > 1% - X517 (1421 (2/3) )
i,jriA]

+(4V2+4+ g)cln (2/6).

Z(Xi —E[Xi])

g
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A.3 Mixing and its consequences

Let X := {X;},.y be a sequence of random variables with values in some measurable space X'. For a set I C N
use ¥ (I) for the o-field generated by {X;},.; and puy for the joint distribution of { X} Then the definition of
the mixing coefficients 3, (1) for 7 € N reads (Bradley, 2005)

iel”

Bu (1) := sup sup |11 g0t +m00) (B) = Hp1,5] X fij4r,00) (B)] -
JEN BeX([1,4]U[j+T,00))

In the sequel, we let T,m,7 € N with T' = 2m7 the length of the trajectory observed. We call 7 the "mixing
time" with the intuitive understanding that events separated by more than 7 can be regarded as independent,
with a penalty in probability of order £, (7).

For j € [m] define the index sets I; = {2(j —1)7+1,...,(2j — 1) 7} and I} = {(2j —1)7+1,...,2j7}. Then
[T] = Ui, I U ;.. We also set

Lemma 2. FormeN and Be X ([;U...U1,)
lwnu.on, (B) = pr XX, (B)| < (m = 1) B (7)),
and for B € L (I U...UI)

. (B/) — pry X X (B/)| < (m - 1) ﬂ“ (7')7

|.U11u...u1
Proof. By Fubini’s Theorem and the definition of the mixing coefficients, we have for 1 < k < m, that

|1, X oo X pr0. 0, (B) = iy X oo X pun, X pry 0,01, (B)] < B (7).

Then with a telescopic expansion,

lnnu. on, (B) = pr, X o X pg, (B)]

m—1
= | D n X e X 000, (B) = piry X e X, X piry 40,01, (B)
k=1

< | X e X pru.n, (B) = i, % X g, X oot (B))

The argument for B’ is analogous. O

In the sequel, we write Pr; for the probability measure py, X...x s, on ¥ (I; U...U I,,) and Pry. for Bry X oo X fugr,
on ¥ (I1 U...UI],). The previous lemma can then be stated more concisely as [Pr; (B) — Pr (B)| < (m — 1) 5, (1)
for Be ¥ (IU..Uly) and |Prp (B) —Pr(B)| < (m—1)6,(7) for Be X (1] U...UI),).

Lemma 1. Let X; have values in a normed space (X, ||-||) and let F, F' : X™ — R, where F is ¥ (I; U...U I;,)-
measurable, and F' is ¥ (I] U ...U I} )-measurable. Then
Z (Xi —E[Xi])

Pr {
i=1
< Pr {
I
+ Pr {
I/

where the Yy, and Y] are given by @

n

>F(X)+F’(X)}

(Y —E[Yi])|| >F (X)}
1)

E
(Vi —E[Y}

m

k=1
m

k=1

>F' (X)} +2(m—1) B, (1),
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Proof. Write Y; = 3

el X; and Yj’ = Zz‘eI; X,;. Then
DIRY B PR DI A DIl B IR (E
i=1 j=1 j=1 j=1 j=1
Thus
n
Pr{ > X >F(X)+F’(X)}
=1
<PrS DN V|||V > F(X)+F' (X)
j=1 j=1
<P D Y| >FX)p+Prd > Y| > F/(X)
j=1 j=1

The conclusion then follows from applying Lemmato the events B = {HZ;’; Y; H > F (X)} eX([HU..Uly)
and B’ = { ’Z;":le’ > F (X)} eX(lU..UL). O

A.4 Concentration for dependent variables

Now let X; be a possibly dependent sequence of mean zero random vectors in H. Write Y; = ), I, X; and

Y, = Ziel} X;. Note the bounds ||Y;| < 7c and ||Y}|| < 7c and that the Y, are independent under Pry, as are

the Y}/ under Pr;/. Define
- 2 4re
FX) =[S EIv <1+\/2ln (2/5)) +5"In(2/9)
k=1

F(X) = [ SENIE (12l (2/9)) +% In (2/6).
k=1

Lemma [I] gives

o

where the second inequality follows from Theorem [5| Substitution of the expressions for F (X) and F’ (X) and

using \/a+vb < v/2v/a+b, we obtain

n

> X

i=1

>F(X)+F’(X)}<P}r iyj > F(X) 3 +Pr f:yj’ > F'(X) § +2(m — 1) B, (1)
j=1 j=1

< 6/2+46/2+42 (m — 1) B, (1),

n

Sox

i=1

<d+2(m—1)8, (7).

Pr

> 30 (B +EIVE) (Var2yin /o)) +°2 n(2/0)

k=1

2
Now E ||ch||2 = Z(t,s)ejkxjk E[(X:, Xs)] and E[[Y}]|” = Z(t,s)gz,;m,; E [(X:, X5)]. Thus

> (EIMIP+ENT) = > ElXe X)),

k=1 (t,s)eS-
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where S is the set of index pairs
U I x ) U (I}, x I,) (11)
which is a disjoint union of 7 x 7-squares along the diagonal of the T' x T matrix. If (¢,s) € S, then the times s

and ¢ are never more than 7 apart. We have proved

Theorem 8. Let m,7 € N, T = 2mr, and let X = (X1, ..., X1) be a vector of mean zero random variables in a
separable Hilbert-space H , satisfying || X|| < c. Let § > 0. Then with a probability of at least 1—6—2 (m — 1) B, (1)

we have
T
> X
t=1

where S; C [T] x [T] is given by (11)).

S OE[XX (f+2\/T/5)+—1 (2/6),

(t,s)eS~

1. If we drop the mean zero assumption this becomes Theorem

2. To interpret the first term on the right-hand side, note the similarity to the variance of > X}, which would be

el = X Ewwx

(t,5)€[T]x[T]

3. If the X, are independent, we can set 7 = 1 and Sx (7) = 0, and we recover Theorem [5| up to a constant
factor of v/2 on the first, and 2 on the second term.

In the proof above the functions F' (X) and F’ (X) were constants. But let

ZXZ-2(1+\/W> 10e ) (48,

k=1 |licl,

which is ¥ (I3 U ... U I,,)-measurable, and replace I, by I, for the analogous definition of F’ (X). Then Lemma
and Proposition [I] give a proof of Theorem [2} In the same way, defining

2

F(X) = ﬁ I x->x; (1+\/W)+11071n(4/5),

k, kAL ||i€ T, jel,

together with the corresponding F’ (X), yields the proof of Theorem

B Theoretical result for learning dynamical systems

In this section, we begin by briefly reviewing the notations and definitions pertinent to learning dynamical
systems. Next, we establish bounds on the deviation of the true risk from the empirical risk, uniformly across a
prescribed set of HS operators on ‘H. Finally, we demonstrate how this analysis, originally formulated for Ivanov
regularization, can be extended to Tikhonov regularization.

B.1 Notation and background

Let us first review some fundamental concepts related to Markov chains and Koopman operators. Consider
X :={X;: t € N}, a collection of random variables taking values in a measurable space (X, Xx), known as the
state space. We define X as a Markov chain if P{ X1 € B| X} = P{X¢y1 € B|X;}. Additionally, X is termed
time-homogeneous if there exists a function p: X x ¥y — [0,1], known as the transition kernel, such that for all
(x,B) € X x ¥y and each t € N,

P{Xi+1 € B|X: =z} = p(z, B).
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A broad class of Markov chains includes those with an invariant measure m, which satisfies 7(B)= [, w(dx)p(z, B)
for B € ¥ x. For a time-homogeneous Markov chain with an invariant (stationary) distributlon 7 the (stochastlc)
Koopman operator A, : L2(X) — L2(X) is given by

Anf(z) = /Xp(x,dy)f(y) =E[f(Xpp)|Xe =], feLi(X),zeX. (12)

In many practical scenarios, the Koopman operator A, is unknown, but data from one or more trajectories
are available. The framework for operator regression learning introduced in (Kostic et al., 2022) estimates the
Koopman operator on L2(X) within an RKHS, using an associated feature map ¢ : X — H. In this vector-valued
regression, the population risk functional is defined as

R(G) = Exum, x+mp(1x) 10X ) = Go(X) 13, (13)

and the goal is to learn A, by minimizing the risk over a class of operators G: H — H, using a dataset of
consecutive states D, := (x;, xj)?:l A typical setting involves obtaining these states from a single trajectory
of the process after it reaches the equilibrium distribution, where Xy ~ 7 and X;r = X1 ~ p(+],X;) for

i=2,...,n. A common estimator in this context is the Reduced Rank Regression (RRR) estimator G A, obtained
by minimizing the regularized empirical risk

ZH¢ Go(@:)l3+ MGl (14)

26 n

over operators G of rank at most r. The estimator éTR’?R:a;l/ 2 [[@;1/ 2fﬂT is computed via an r-truncated SVD
[-]+, where the empirical input and cross covariances are respectively

C=1% i o@)@d(x:), and T=13" é(z:)@6(z]).

In this section we denote as CA'A =C+ Aly. Further, similar to the relationship between population and empirical
risk, the population covariance and cross-covariance are given respectively by

C = Ex~r[d(X) @ 9(X)], and T = Exr x+np(x))[0(X) @ H(XT)].

B.2 TUniform bound for Ivanov regularization

In view of the fact that both Tikhonov regularization and Ivanov regularization versions of the problem are
equivalent, we will first focus on the Ivanov regularization formulation, which is more convenient to theoretical
analysis(Oneto et al.l [2016} |Luise et al.| [2019)). We first state that the uniform bound for the Ivanov regularization
case. Then reformulate to Tikhonov regularization since it is more convenient from a computational standpoint.

Theorem 9. Let X = (X;) be a stationary Markov chain with distribution u, and the risk definitions as above
note that m = py. Denote G, = {G € HS,.(H) : ||G|lus <7} and Y = (¢(Xo) ® ¢(Xo), ..., p(Xn—1) ® ¢(Xn-1)),
Z = (¢(X0) ® ¢(X1), ..., (Xn—1) ® (X)), and W = ([[¢(X1)[|%, ..., [|6(X,)[|?). Assume n = 2m7, and exists
e >0 such that ||p(Xy)||?<cy a.s. for allt. Let § > 0 and assume §(1) = 6—2(2—1)B,(7) > 0 and §'(1) =

0—2(5=—1)Bu(T — 1) > 0. Then, with probability at least 1—0 we have for every Ge Gr oy

A~ 32v%eyT . 12 64yryeuT 12 TenT 12
— < 1 1 1
RIG)=R(G)] = —5 =55 3n o) 3 1) o)

+ \/274‘7;(“7 (1 +2In 52)) + \/QTVZ%(Z)T (1+21n 5'1(27)) + \/QVT;W)T In (;i)

where V(W) = by Sicicjam Wi = W3)2 4+ (W5 = W5)%, Wi = 350 Wi and W5 = 55,00 Wi V-(Y)
and V,(Z) were defined before.
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Proof. We can restate both the true risk and the empirical risk as follows:

R(G) = Eyypllo(y) — G o()|?
= E(e,y)~ptT (@ (Xit1) @ ¢ (Xit1)) — 2(d (Xig1), GT @ (:)) 5 + tr (GG (75) @ ¢ (24))]
=tr(D) +tr (GG*C) — 2tr (G*T)

Similarly, we have R(G) = tr(D) + tr (GG*@) ~2tr (G:F)
Let G, = {G € HS,(H) : ||G|lus < v}. Then for VG € G, , we can easily show:
R(G) — R(G) = tr(D — D) + tr (GG*(C - 6)) P (G*(T - f))
< tr(D—D)+~*|C = Cll +2v/r/|T - T

where we have used Hélder inequality to obtain the last two terms.

First, we use an empirical Bernstein’s inequality for bounded random variables, W; = tr(¢(X; 1) ® ¢(Xi41)) =
|6(X;11)]|? and |W;| < ¢y since

n

= tr(d(Xit1) @ ¢(Xit1) — E[@p(Xiv1) ® d(Xig1))]

% Z tr(d(Xit1) @ ¢(Xit1)) — Eftr(d(Xit1) @ ¢(Xiv1))]-

i=1

Now, write W; = Y_,.; W; and W/; = > icrr Wi. Note the bounds, ||WkH < 7cy and HW;H < Tcy since we
J —
know there exists ¢y >0 such that [|¢(X;)|*<cy a.s. for all ¢. In addition, we know that the W are independent

iel;

—
under Pr;, as are the W, under Prp.

Define
7mcH71n% _ 2 _ 1 —
F(W):m+ 2mvm(W)1n§,Vm(W)—m(m_) Z (W, —W;)
meyTIn 2 — - .
Lemma [T] gives
Pr{ zn:(Wl— >F(W)+F’(W)}
i=1
gf}r{ > (Wi —E[Wi]) }+Pr{ > W { }) >F’(W)}+2(m—1)ﬁw(r)7
k=1 k=1

<§/2+46/242(m — 1) B, (1),

where the second inequality follows from adapting to arbitrarily bounded random variables of Thm 4 (Maurer
and Pontil, [2009). Substitution of the expressions for F (W) and F’ (W) and using v/a+vb < v/2v/a+b, and
0 = 24’, we obtain

Pr{ Z(Wi — E[Wi])
i=1

<6+ 2(m—1)B,(r)

n

Sy \/4m(Vm(W) V(7)) 1n§}

‘ 14dmey7In %
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Let define V(W) = & (V;, (W) + V,,,(W7)). Now, if we divide both sides in the probability by n and substitute

%T = m we have

~ V(W) s——tr—
(D - D) < TenT In 4 n \/ (W) §=2(m=1)B. (1)
3(m—1) 6 —2(m—1)B,(7) m

To bound the second and third terms, we can use Theorem 2 of this paper with the description in the covariance
estimation section (for further details, see propositions in the next section). The result then follows by a union
bound. O

Remark 1. Theorem[9 can be used in order to derive an excess risk bound for the well-specified case, following
the same reasoning as (Kostic et all |2022; |Luise et al., |2019).

B.3 Adaptation of risk bound to Tikhonov regularization

It is known that there is an equivalence between Ivanov and Tikhonov regularization, in the sense that for each
class of estimators satisfying the conditions of Ivanov regularization, there exists a corresponding Tikhonov
regularization problem. However, to extend this result, we require additional techniques. The next step involves
the following lemma (a restatement of Lemma 15.6 from |Anthony and Bartlett| (1999)):

Lemma 3. Suppose Pr is a probability distribution and

{E(a1,09,0) : 0 < ay,as,6 <1}

is a set of events, such that
(i) For all0 < a <1 and 0 <6 <1,

Pr{E(a,a,0)} <0
(ii) For all0 <y <a<as<land0<d <6<1

E (a1,@92,01) C E(a, @, 9)

Then for 0 < a,d <1,

Pr U E(aa,a,0a(l —a)) <6
a€(0,1]

The following proposition exemplifies how Lemma [3] can be used to convert Ivanov-type uniform bounds to
Tykhonov-type bounds at the expense of a logarithmic penalty in the reguralizer.

Proposition 3. Suppose H is a space of hypotheses, X is a random variable and A and R > 0 are functions
such that for all h € H with R(h) < K we have with probability at least 1 — § in X for all h with R(h,X) < K
A(h,X) < K +1n(1/9) (16)
Then, with probability at least 1 — 6 in X we have for all h with R(h,X) > 1 that
A(h,X) > 2R(h,X)+In(2R(h, X)/0) (17)

Proof. Define the events

E(a1,a9,8) == {3h,R(h,X) < ay ', A(h, X) > a7 ' +In(1/8)}
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Then by assumption, these events satisfy (i) of the lemma. It is also easy to check (ii). Using a = 1/2 we get,
with R(h, X) playing the role of a1,

Pr{3h, R(h,X) > 1, A(h, X) > 2R(h, X) + In(2R(h, X)/6)}
<Pr |J {3nR(X)<a AR X)>20"" +1In(2a7/0)} <6

a~1le[l,00)

O

In Proposition (3| Eq. represents the “Ivanov’-type bound (a uniform bound with a hard constraint on
hypotheses), while Eq. [L7| represents the “Tikhonov’-type bound (valid for all hypotheses). Here, R(h, X) is the
(potentially data-dependent) regularizer—often something like |h|, and X represents the sample, while A(h, X)
denotes the difference between the true and empirical risk.

Theorem 4. Let X = (X))}, be a stationary Markov chain with distribution u, and the risk definitions as
above noting that m=pu1. Denote Gr A be a minimizer of reduced-rank Tikhonov regularized empirical risk and
Y=(6(X:) ® o(X3))1e1, Z=((Xs) @ ¢(Xp41))7q, and W= (||¢>(Xt)\| )i_,. Assume n=2mr, and exists cy >0
such that ||p(Xy)||2<cy a.s. for allt. Let §>0 and assume 9, u(T,A) == 0. 55/||GT,\||— (52 —1)Bu(1)>0

Then, with probability at least 1—6 we have for every GT,)\ such thatl ||GT,,\||H521

~ 12807'Gr>\ f—i—G”\ 12
R(E)-R (G BTG lFHICr)
3n '3 u(T,A)
ldcyT? 12
In =<

3n — 271 5»(77 A)

—
EENRA: (HMA 12 ))

n 1% (Ta

G2V (Z 12
N 8r(|Gr a2 Ve (Z)T 14210 —
n 0u(T, A

2V, (W)t 12
+ In < ,
n 5#(7, /\)

where Vo (W) = ot 3 cicjem (Wi = W52+ (W = W75)2, Wi =300, Wi and W5 = 2ier, Wi VA(Y)
and V; (Z) were defined before.

Proof. Based on Theorem 19 in (Luise et all [2019), we know that én A, the minimizer of the rank-reduced
Tikhonov regularized problem, R
min  RMG),
GeHSr(H)
with X as a regularization parameter, is also the minimizer of the corresponding Ivanov problem, where () =

IGr, Allus = ||6_1/2 [[6‘1/2:?]] |us. However, we cannot simply substitute ||Gr, Al|lus in the formula, as it is a

random variable and depends on the data, but using the method outlined in Lemma [3] we can obtain the proof

with the choices y(\) = 2HGT allus and the substitution of W in place of 0. Indeed, let @ (7, d) be the
s HS

right hand side of the inequality in Theorem [J] and define the events

R (¢) % ()| > ).

Then by Theorem |§| these events satisfy (i) of Lemma [3[and they also have the monotonicity property (ii). Using
the Lemma with ¢ = 1/2 then gives the inequality for every G satisfying |G||ms > 1. O

E (o1, a2,0) == {aG NGllys < a3t

2This is an artifact of the conversion from Ivanov to Tikhonov-type bounds. In practice, we expect the Hilbert-Schmidt
norm to be much larger than 1.
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Remark 2. If the process is known to be stationary, we can use the unbiased estimators for both the covariance,
V-(Y), and the cross-covariance, V,(Z), respectively

Remark 3. We can easily adapt the above results for non-stationary processes by simply modifying the definition
of risk.

C Experiments

To facilitate the reproducibility of our main experimental results, we have made the code publicly available in a
GitHub repository, which can be accessed via the link https://github.com/erfunmirzaei/EBI4LDS.

C.1 Covariance estimation using samples from Ornstein-Uhlenbeck process
C.1.1 Theoretical results

As mentioned in the section on covariance estimation for estimating the concentration of covariance operators
in the Hilbert-Schmidt norm, the observed vectors are operators and X; should be replaced by the operator

(X)) @ d(Xy).

Recent studies have relied on Pinelis and Sakhanenko’s inequality, see (Caponnetto and De Vito, 2007, Proposition
2). As mentioned earlier, the method of blocks and S-mixing extends this i.i.d. analysis of transfer operator
regression to more realistic settings, such as learning from data trajectories of a stationary process. We begin by
restating Pinelis and Sakhanenko’s inequality for convenience.

Proposition 4. Let A;, i € [n] be independent random variables with values in a separable Hilbert space with
norm ||-||. If there exist constants L > 0 and o > 0 such that Vi € [n], ||4;|| < £ and E[||A;]|*] < 02, then with
probability at least 1 — 0

LS a4 -l < 2(%+i)10g(2

& ) "

We now aim to adapt Pinelis and Sakhanenko’s inequality for covariance estimation in data-dependent scenarios.

Proposition 5. Let X = (X;)?, be a Markov chain with distribution p and Y=((X;) ® ¢(Xy))P,. Assume
n=2mr, and exists ¢y, > 0 such that ||p(X;)||*<cy a.s. forallt. Letd > 0 and assume 6(7) = 6—2(5=—1)B,(7) >
0, with probability at least 1—0 we have

-~ 467.[ QCH 4
Goc| < domy, 4 2ong, 4
le=Cl 50 v 5

where C = 1 Yten) 9(21)@9(x1) and in general C'= 1 >tefn) EI0(X)®o(Xy)].

Proof. As we mentioned before, for covariance estimation, our random variables are the rank-one operators
Y: = ¢(X:) ® ¢(X;) instead of X;. To prove we need to use the same procedure as section with these new
random variables and use Pinelis and Sakhanenko’s inequality as stated above.

Now, write Y; = > ier, Yi and Y’; =3 .cp Y. Note the bounds,
exists cyy > 0 such that ||¢(X;)||><cy a.s. for all ¢ . In addition, we know that the Y are independent under

7’““ < Tey since there
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Pr;, as are the Y/, under Pr;.. Then also we have the following:

IV kll3rs = <Z O(X;) ¢(Xi),Z¢<Xj> ® (X))

= 303 60X © 6(X0). 6() @ 6(X))

T T

HS

=D > (e(Xa), o(X))) < 776

Therefore, we can set L = L' = 27¢y and 0 = ¢/ = 7¢yy for using for Y, and Y74
Define

2

F(Y)=F'(Y) = (4rcy+21cpv/m) log((s,)

Lemma [T] gives

Pr{ En:(Y— >F(Y)+F’(Y)}
gf}r{ S (Vi —E[Vi])| > F(Y }+Pr{

<3/2+46/2+42(m—1) B, (1),

m m

> (7 -E[Ti)

k=

>F’(Y)}+2(m1)ﬂ#(7),

where the second inequality follows from Prop. 4 Substitution of the expressions for F'(Y) and F” (Y) and using
0 = 24’, we obtain
Pr {

Now, if we divide both sides in the probability by n and substitute 277 = m the proof is finished. O

n

> (vi - E[]]

i=1

> (87cy+4Teyv/m) log(;l)} <6 +2(m—1)Bu(7)

For comparison, we propose the following proposition, where Theorem 5]is used in place of Pinelis and Sakhanenko’s
inequality.

Proposition 6. Let X = (X))}, be a Markov chain with distribution p and Y=(¢(X;) @ ¢(X¢))},. Assume
n=2mr, and ezists cy > 0 such that ||p(X,)||*<cy a.s. forallt. Letd > 0 and assume §(7) = 6—2(5=—1)B,(T) >
0, with probability at least 1—5 we have

407.[ 2 26%{ 2
< — JRE— — JRE—
(o=l 3 In 5(7_)+\/ - <1+21n 5(7))’

where C = 1 Dotefn) P(@1)®9(x1) and in general C'= 1 >_tefn) El0(X)®0(Xy)].

Proof. As we mentioned before, for covariance estimation, our random variables are the rank-one operators
Y: = ¢(X:) ® ¢(X;) instead of X;. To prove we need to use the same procedure as section with these new
random variables and use Theorem

Now, write Yj = Zielj Y; and ?j = Zielj/ Y;. Note the bounds H?kH < Tey and H?kH < Tcy since there

exists ¢y > 0 such that [|¢(X;)[|?<cy a.s. for all £. In addition, we know that the Y are independent under
Pr;, as are the Y'; under Pry/.
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Define

F(Y)= iEH?k—E[ ]H (1+\/21n 1/5) 40’” n(1/6)
k=1

F(Y) = iEHWk—EWk]H (1+v2m (1/9)) + CHT n(1/6).

k=1

Lemma [T] gives
Pr{ S (v E) >F<Y>+F'<Y>}
> (Vi —E[YV4])

§Pr{ >F(Y }—I—Pr{
! k=1

<6/2+46/242(m — 1) B, (1),

where the second inequality follows after dropping the mean-zero assumption of Thm. Substitution of the
expressions for F (Y) and F’ (Y) and using v/a+vb < v2v/a+b, and 6§ = 2§', we obtain

m m

>~ [7i]

k=

>F’(Y)}+2(m—1)5u(7),

n

> (v — E[vy]

=1

<O0+2(m—1)B,(1)

Pr

1 (2/0)

> 2§m:(E 7 — E [Va] |* +E |77 — €[] ") (1+ /210 (270) )
k=1

We know ka=1(E H?k —E Yk] H2 +E H?k —E Y’k] ||2) = 2m7'2c%_t. Now, if we divide both sides in the proba-
bility by n and substitute %T = m and using \/a+vb < v/2v/a+b the proof is finished. O

C.1.2 Experimental results

As stated in the paper, the following experimental results demonstrate the consistent monotonic increase of the
covariance upper bound with respect to 7.

—— Pinelis bound —— EBI(biased) —— Estimated True value
—— New Pessimistic bound —— EBIl(unbiased)
length scale =0.05 length scale =0.15 length scale =0.25
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Figure 5: Covariance upper bound as a function of the block size for three different length scales of Gaussian
kernel in logarithmic scale. The failure probability is set to 0.05, and we used 10k training points. The plots have
averaged over 30 independent simulations.
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—— Pinelis bound —— EBI(biased) —— Estimated True value
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Figure 6: Covariance upper bound as a function of the block size for three different length scales of Gaussian
kernel in logarithmic scale. The failure probability is set to 0.01, and we used 10k training points. The plots have
averaged over 30 independent simulations.
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Figure 7: Covariance upper bound as a function of the block size for three different length scales of Gaussian
kernel in logarithmic scale. The failure probability is set to 0.05, and we used 20k training points. The plots have
averaged over 30 independent simulations.

C.1.3 Estimating the true error of covariance operator

For this experiment, we tried to estimate the norm of the difference between the sample covariance operator and
the true one as follows:

IC = Cliis ) = tr(C?) + t2(C?) — 2tx(CC).
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Since we have the C operator based on the data finding its trace is easy. Furthermore, in this example, we know
that the invariant distribution is the standard normal Gaussian. Thus, we can find the analytic form for the
tr(C). First, recall C = E;r[¢(x) ® ¢(z)]. Then, we have

tr(C?) = tr(Ezmr[d(2) ® ¢(2)|Eynr(d(y) @ ¢ (y)])
= Eoan(0,1)Eymn0.) [(6(2), 6(9))%] = Eponr0,1) Eymnrion (2, )]

7//(GXP(%))QQXI)(%)eXp(%)dydx: 1£,

1+ 5

o~

where [ is the length scale of the Gaussian kernel. Finally, for the last term, we tried to estimate it by tr(é, é),
where C' = + L3 0(E) ® gb(il) and izs are new samples from OU process. Then we repeat the previous process

many times, which means tr( CC) T Zt 1 E(X:, X)?, where X; is a new batch of data with the size n at each
time. We set T = 100 and n = 10* for this experiment.

C.1.4 Extreme examples

We introduced two empirical Bernstein’s inequalities in which two different estimations of the variance proxy
have been used. In this section, we will take a more precise look at these estimations for extreme examples in the
case of covariance estimation.

1) K2 = c2I,,xn, This means that K(x,y) = 0 unless x = y. Thus, if we have a . very small length scale for the

2

Gaussian kernel (close to zero) this can happen. In this situation, V,(X) = V,(X) = —.

2) K2 = diag(c®1,x,) this means that K(z,y) = 0 unless z and y are less than 7-time separated and the
boundary is very sharp. In other words, if the distance of z and v is less than 7 time steps, then k(x,y) = ¢?

otherwise 0. In this situation, V,(X) = V,;(X) = ¢2.

3) K2 = ¢®1,,xn, this means that K(x,y) = ¢ no matter what are x and y. Thus, if we have a very large
length scale for the Gaussian kernel (close to infinity), this would be the case. In this situation, V,(X) = ¢?
and V(X) =0.

Thus we can conclude that g < \77 (X) <c?and 0 < ‘Z(X) < ¢? where b and ¢ could be the infimum and
supremum values of the kernel respectively.

C.2 Noisy ordered MNIST

The architecture of the Oracle network used for DPNet is given by ¢g : Conv2d (1,16;5) — ReLU —
MaxPool(2) — Conv2 d(16,32;5) — ReLU — MaxPool(2) — Dense(1568,5). We set the seed number 42
and used 2 as a padding hyperparameter. Here, the arguments of the convolutional layers are Conv2d( #in
channel #out channel; kernel size). The Tikhonov regularization parameter for the CNN kernel yenny = 1074,
The network ¢g has been pre-trained as a digit classifier using the cross entropy loss function. The training was
performed with the Adam optimizer (learning rate = 0.01 ) for 20 epochs (batch size = 64 ). The training dataset
corresponds to the same 1000 images used to train the Koopman estimators.

In Figure |8 t-SNE, a nonlinear dimension reduction, was applied to the concatenation of left and right eigenfunc-
tions on the test dataset. The results indicate that models with superior representations tend to perform better
and exhibit better generalization.
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Figure 8: "t-SNE visualization of the concatenated left and right eigenfunctions on the MNIST test dataset.

Here are the results for two different choices of = 0.2 and 1 = 0.05.
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Figure 9: Performance evaluation of rank-5 RRR estimators using Gaussian and DPNet kernels on MNIST with
1 = 0.2: normalized correlations and forecast accuracy.
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Figure 11: Performance evaluation of rank-5 RRR estimators using Gaussian and DPNet kernels on MNIST with

1 = 0.05: normalized correlations and forecast accuracy.
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Figure 10: "t-SNE visualization of the concatenated left and right eigenfunctions on the MNIST test dataset with

n=20.2
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Figure 12: "t-SNE visualization of the concatenated left and right eigenfunctions on the MNIST test dataset with
n = 0.05
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